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ABSTRACT

This thesis investigates how modified dispersion relations (MDRs) affect the structure of

geodesic equations. MDRs generalize the standard relativistic dispersion relation by intro-

ducing momentum-dependent corrections, often arising from additional background vector

fields together with the spacetime metric, as suggested by several quantum-gravity–inspired

models. These modifications to the classical Hamiltonian encode possible Planck-scale effects

through such background structures.

The modified geodesic equations are derived in two complementary frameworks: the

Hamiltonian and the Lagrangian formalisms. In the Hamiltonian framework, MDRs are de-

fined as level sets of the Hamilton function H(x, p), and the geodesic equations are obtained

from Hamilton’s equations of motion. From this, a general first-order perturbed geodesic

equation is derived, which was in turn used to derive the geodesic equation for an n-th order

homogeneous polynomial perturbation in the momenta as a compact, ready-to-use formula.

In the Lagrangian framework, the analysis begins from the Helmholtz action, from which

the corresponding Finsler (Lagrangian) function is constructed. Reinterpreting the Eu-

ler–Lagrange equations as Finsler geodesic equations provides a geometric picture of modified

particle motion on the tangent bundle. The n-polynomial geodesic formula derived in this

framework is then compared with its Hamiltonian counterpart, showing that the two differ

only by a term that can be absorbed through reparametrization. Several specific examples

are also examined to support the general results.

From this comparison, general conclusions are drawn for first-order perturbations that are

homogeneous in the momenta. In particular, the conditions on the background vector field

under which the modified geodesic equation reduces to the standard general-relativistic case

are identified. The power of the background-field term plays a key role in determining when

this reduction occurs, as higher powers lead to increasingly restrictive conditions. These

results demonstrate that small variations in the perturbation structure can produce either

equivalent or qualitatively distinct departures from general relativity.
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NOTATION AND CONVENTIONS

Throughout this thesis the following conventions are used:

• The spacetime manifold is denoted by M , with metric gab(x) of Lorentzian signature

(+,−,−,−).

• Latin indices a, b, c, . . . are used for both spacetime and momentum coordinates, with

their range depending on the context (e.g. 0−3 for spacetime indices, or 0−n when

working with n-th order polynomials in the momenta).

• Parentheses ( ⋅ ) on indices denote symmetrization, and square brackets [ ⋅ ] denote
antisymmetrization, both taken with unit weight:

T(ab) = 1
2(Tab + Tba), T[ab] = 1

2(Tab − Tba).

• ⟨p, x⟩ denotes the natural dual pairing (or inner product) between a covector pa and a

vector xa.

• The Levi-Civita connection is denoted ∇a, with Christoffel symbols Γa
bc.

• The Riemannian contraction is g(p, p) ∶= gab(x)papb.

• For a background vector field Aa(x), the contraction with momenta is A(p) ∶= Aa(x)pa
and the contaction with velocity is A(ẋ) = Aaẋa

• Partial derivatives with respect to spacetime coordinates are written ∂a ∶= ∂
∂xa .

• Partial derivatives with respect to momentum coordinates are written ∂̄a ∶= ∂
∂pa

, ∂̄a ∶=
gab∂̄b.

• Partial derivatives with respect to velocity coordinates are written as ∂̇a ∶= ∂
∂ẋa
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I. INTRODUCTION

One of the central unresolved issues of modern theoretical physics is the reconciliation of

quantum theory and gravity. While there exist many approaches for a quantum theory of

gravity, for example, loop quantum gravity [1], string theory [2], causal sets [3], and group

field theory [4], a complete and experimentally validated theory is yet to be discovered.

Furthermore, because of the existing lack of tests, it is unknown for sure if gravity is quantum

(i.e., whether general relativity can be quantized), and evidence is required to determine

this. Quantum gravity phenomenology attempts to find effective signatures of the effects of

quantum gravity accessible at energies far below the Planck scale [5].

A common approach through many of the quantum gravity models manifest the Planck-

scale effects is modification of the standard relativistic dispersion relation [6][7]. Dispersion

relations constrain a particle’s momentum and determine its trajectory, ensuring physical

viability. Dispersion relations can be derived from the field equations of the relevant field

theory using the point-particle (or geometric-optical) limit. Furthermore, they can be recon-

structed by comparing a phenomenological ansatz with data, or they appear as the Casimir

operator of symmetries one imposes on relativistic point particle kinematics [6]. They also

appear in quantum gravity phenomenology to describe the quantum nature of gravity that

affects fields and particles. Unlike the standard relativistic relation E2 = p2 +m2, modified

dispersion relations (MDRs) contain Planck-suppressed corrections and usually result in mo-

mentum or energy-dependent velocities for particles. These corrections are extremely tiny at

laboratory scales, but in astrophysical contexts they can accumulate or get amplified, pro-

ducing observable consequences. A good example is in-vacuo dispersion, where the speed of

photons acquires a small energy dependence [8]. Over cosmological distances, two photons

of different energies emitted simultaneously—e.g., from a gamma-ray burst—would arrive on

Earth with measurable time delays [9]. Time delays on the millisecond scale are within the

reach of telescopes like Fermi, making astrophysical light propagation a sensitive probe of

quantum gravity effects.

On the theoretical side, MDRs emerge naturally from a wide range of models. A particu-

larly well-studied example is the κ-Poincaré algebra, a quantum deformation of the Poincaré

algebra that introduces a new invariant energy scale (often near the Planck mass) [10][11].
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This generates a non-trivial momentum-space geometry, with particle dynamics governed by

Hamiltonian functions in curved phase space. Therefore, one must take a geometric frame-

work on which both the spacetime curvature and non-triviality of momentum space can be

encoded in order to investigate these implications in a covariant way. Hamiltonian geometry

on the cotangent space of spacetime is a suitable framework for this purpose. Within this

setting, dispersion relations are Hamiltonians’ level sets [7]. In this picture, geometry goes

beyond the spacetime metric. It also reflects the coupled phase space structure that underlies

modified dispersion relations.

In parallel to the Hamiltonian approach, the Lagrangian picture offers a complementary

route for the exploration of modified dispersion relations. In particular, by reformulating the

dynamics in terms of generalized length functionals, one can make direct contact with the

geometry of particle trajectories, usually described in a Finslerian framework. This route has

been widely followed in the literature and offers valuable intuition on how MDRs deform the

notion of geodesics [12]. While technically more challenging, it incorporates the dispersion

relation within the variational principle naturally and provides another viewpoint that I shall

return to later in this thesis.

In this thesis, I investigate how modifications of the dispersion relation due to quantum

gravity effects impact the very structure of the geodesic equation. In general relativity,

geodesics are trajectories for freely falling bodies and it captures the geometry of spacetime

itself. Although, it is worth noting that, even within standard general relativity, the concept

of massless or massive particles following an exact geodesic motion is only an approxima-

tion. Physical bodies can experience small but systematic deviations from geodesics due to

radiation-reaction and self-force effects such as electromagnetic Lorentz friction and gravi-

tational wave emission [13] [14]. These phenomena introduce additional force terms (often

written schematically as F µ
self or F µ

RR) into the equations of motion, fundamentally altering

the path of the particle relative to the pure geodesic defined by the background metric. The

magnitude of these force tensors is typically suppressed by powers of Newton’s constant,

GN ∼ 1/M2
P , making their impact extremely small in most classical regimes, yet significant

when discussing quantum gravity effects, which also operate in very small scales. Although

a systematic comparison is beyond the scope of this thesis, understanding the interplay be-

tween these small corrections could help clarify the origin of geodesic deviations in future
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research. Now by considering geodesics from MDRs, one might ask: under what conditions

do particle trajectories deviate from those of general relativity? When do they remain iden-

tical to the relativistic case (up to reparametrizations)? And what are the constraints that

these deviations impose on the background vector fields which encode the deviaton of the

dispersion relation from GR?

To provide a response to these questions, I develop the problem in two complementary

paradigms. First, in the Hamiltonian picture, I employ modified dispersion relations as level

sets of a Hamiltonian function and derive the geodesic equations from Hamilton’s equations

of motion IV. This allows for an explicit link between modification of the dispersion relation

and resulting particle dynamics. I then derive the geodesic equation for a completely general

first-order perturbation of the relativistic Hamiltonian V. This result is obtained in full

generality and is one of the central outcomes of the thesis. Once this equation is established,

different modified geodesics can be obtained simply by substituting the specific form of the

perturbation function. In this way, we can see how the structure of the geodesic equation

changes depending on the type and power of the different components of the perturbation

function. As part of this analysis, I also consider a perturbation function which is a n-th

order polynomial form homogeneous in the momenta VB, which provides a compact formula

that greatly simplifies the calculation for a wide class of possible perturbations.

Secondly, I also discuss the Lagrangian framework, where the Helmholtz action principle

provides a natural way of embedding MDRs into a Lagrangian. In this picture, particle

dynamics are expressed in the language of Finsler geometry, an extension of Riemannian

geometry in which the metric depends on both position and velocity. Using results derived

within this framework, I analyze the corresponding geodesic equation VII and compare it

systematically with the Hamiltonian formulation. All of the examples considered in the

Hamiltonian setting were also studied here, and by comparing the geodesic equation in these

two approaches for the general n-th order polynomial case we can draw broad conclusions:

the two formulations agree in structure, differing only by a term that can be absorbed through

a reparametrization of the trajectory VIIA.

The overall purpose of this thesis is to investigate how generic classes of MDRs warp the

geodesic equation, to determine when deviations from general relativity vanish or persist, and

to study their physical implications. In doing so, the work provides explicit demonstrations
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of quantum-gravity-induced MDRs on particle motion while contributing to the broader task

of classifying MDRs within geometric and phenomenological frameworks. The results show

that MDRs which appear very different at the momentum-polynomial level can sometimes

yield similar geodesic structures, while in other cases they lead to genuinely new dynamical

effects. This understanding clarifies which modifications are geometrically significant and

points toward future directions, such as a systematic classification of MDRs alongside α–β

Finsler geometries, and the exploration of observational consequences in black-hole shadows,

gravitational lensing, or time-of-flight delays of high-energy photons.
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II. FROM DISPERSION RELATIONS TO MODIFIED PHASE SPACE

GEOMETRY

In this section, I discuss the conceptual foundation that connects modified dispersion

relations (MDRs) to a geometric description of phase space. The aim is to show how MDRs,

which are originally expressed as relations between energy and momentum, can be understood

as deformations of the phase-space geometry encoded by the Hamiltonian. Establishing this

link is essential for the later derivation of the modified geodesic equations, where these

geometric ideas will be applied explicitly.

On Planck-energy scales, modified dispersion relations of particles are expected as a de-

scribe of underlying quantum gravitation effects. The modified effects can be understood

geometrically as manifestations of a non-trivial curvature in momentum space [7]. This is

analogous to the way the curvature in spacetime gives rise to a deviation from flat-spacetime

energy-momentum relation. In different theories for quantum gravity, including κ -Poincaré

symmetry or deformed special relativity, such modified effects are not related to spacetime

curvature but instead are related to an intrinsic energy scale [15], for example the Planck

scale, which raises the possibility that momentum space itself would become curved.

The realization suggests a change of approach: instead of working exclusively with the

metric geometry of spacetime, we may adopt an approach in which momentum space and

spacetime are put on an equal basis. The Hamiltonian framework naturally accommodates

this because it constructs a geometry not in ordinary spacetime but in its cotangent bundle

(phase space). Here, the Hamiltonian replaces the idea of the metric as something that

would fix particle dynamics as well as the geometric structure of phase space. Rather than

starting from an assumed background metric and deriving motion from that, we begin from

an altered dispersion relation, view it as a level sets of a Hamilton function H(x, p), and
deduce geometry and motion together from that function.

In the case of standard relativity, when the Hamiltonian is quadratic in momenta, we

find from the resulting phase-space geometry that there is a clean separation into curved

spacetime and flat momentum space. But when higher-order or nonquadratic terms join

the dispersion relation, which is what typically found in quantum gravity theories, this does

not hold anymore. The phase space geometry is entangled so that curvature in momentum
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space can affect the geometry of spacetime and vice versa [7]. The key point here is that the

Hamilton equations resulting from this Hamiltonian describe particle motion. Such trajecto-

ries overlap autoparallels (generalized geodesics) of phase-space geometry if and only if the

Hamiltonian is homogeneous in momenta. Non-homogeneous terms will result in motion de-

parting from free fall, adding a force-like component due to Hamiltonian intrinsic geometry.

Further, momentum space geometry would naturally curve as soon as the third derivative of

the Hamiltonian in terms of momenta is not zero.

Hamiltonian geometry is particularly valuable in the context of quantum gravity phe-

nomenology. Since most quantum gravity candidates suggest that momentum space may

acquire curvature or non-trivial structure (e.g., in κ -Poincaré or q-de Sitter models [7]), it

becomes natural to treat momentum and position on equal footing. The Hamiltonian then

defines not only how particles move but also how the geometry of spacetime and momentum

space are intertwined.

In short, inhomogeneous dispersion relations naturally induce curvature in momentum

space, embedding the spacetime geometry and geometry of momentum space in a non-trivial

way. In what follows, we consider the κ-Poincaré model, which is a case involving inho-

mogeneity which makes these effects explicit and provides additional insight regarding how

modified dispersion relations influence the underlying phase-space geometry as well as the

physical observables derivable from it.

A. The locally κ-Poincaré Hamiltonian

A dispersion relation captures the local symmetries of phase space and defines the associ-

ated phase-space geometry, whose autoparallels are the Hamilton equations of motion. In this

way, it determines how point particles move and leads to observable predictions [6, 7]. The

Hamiltonian construction of the phase space geometry contains the following key features:

• The autoparallel equations of the unique torsion-free Cartan non-linear connection are

the Hamilton equations of motion. They incorporate a source term that resembles a

force for non-homogeneous Hamiltonians.

• The tangent spaces of phase space are separated covariantly in directions along space-

time and along momentum space by the Cartan non-linear connection, which is exclu-
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sively derived from the Hamiltonian.

• The curvature of spacetime and momentum space are defined by canonical linear con-

nections, which are exclusively determined by the Hamiltonian and the non-linear con-

nection. These connections generally rely on both spacetime coordinates and momenta.

• The standard Lorentzian metric geometry of spacetime with a flat momentum space is

obtained for the general relativistic point particle Hamiltonian.

We now discuss a κ-deformation of the flat-spacetime Hamiltonian by introducing a modified

dispersion relation given by:

Hϵ(x, p) = −
4

ℓ2
sinh2 ( ℓ

2
p0) + eℓp0 p⃗2, (1)

where p0 and p⃗ are, respectively, the energy and spatial momentum components of a particle,

and ℓ = ϵ−1 is the deformation parameter. In the limit ℓ → 0, this expression reduces to the

standard relativistic Hamiltonian:

H(x, p) = −p20 + p⃗2 = ηµνpµpν . (2)

This κ-deformed Hamiltonian determines the effective dynamics of point particles, particu-

larly in semiclassical regimes of quantum gravity [6]. It predicts free particle motion along

straight lines in inertial coordinates, similar to special relativity. However, when this Hamil-

tonian is analyzed through the lens of Hamilton geometry, it reveals a crucial difference: in

the ϵ-Minkowski case, the momentum space exhibits non-trivial curvature, even though the

spacetime remains flat. This distinction arises as the momentum-space structure in encoded

in the ϵ-deformation.

To incorporate this Hamiltonian into an arbitrary curved spacetime (M,g), we construct a
generalized Hamilton function that, locally, reproduces the flat-space κ-deformed form. This

construction ensures that the Hamiltonian is locally κ-Poincaré invariant in the same sense

that standard general relativity is locally Lorentz invariant.

Let Z be a unit timelike vector field on the spacetime (M,g), i.e., satisfying g(Z,Z) = −1.
This field can be interpreted as a function Z(p) = Za(x)pa on the cotangent bundle T ∗M.

The κ-Poincaré deformation in curved spacetime can then be introduced via:

HZg(x, p) = −
4

ℓ2
sinh2 ( ℓ

2
Z(p)) + eℓZ(p) (g−1(p, p) +Z(p)2) , (3)
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Expanding this Hamiltonian in powers of ℓ, we obtain:

HZg(x, p) = g−1(p, p) + ℓZ(p) (g−1(p, p) +Z(p)2) + O(ℓ2), (4)

where the leading term recovers the standard general relativistic Hamiltonian.

To show that this Hamiltonian is locally κ-Poincaré invariant, if one a local orthonormal

frame A of the metric g such that the time direction is aligned with Z, i.e., Aa
0∂a = Z. In this

frame, the energy p0 is given by Z(p) = Aa
0pa. Since A is a local frame, the metric becomes

locally Minkowskian:

gabpapb = ηµνpµpν = −p20 + p⃗2. (5)

In this frame, the deformed Hamiltonian takes the bicrossproduct form:

HZg(x, p) = −
4

ℓ2
sinh2 ( ℓ

2
p0) + eℓp0 p⃗2 =Hϵ(x, p), (6)

demonstrating that it remains invariant under transformations generated by the κ-Poincaré

algebra.

The geometry of phase space which involves both spacetime and momentum space, is

encoded by this κ-deformed Hamiltonian. In this construction, momenta experience nonlinear

transformations governed by the κ-Poincar´e Hopf algebra. Only those transformations that

preserve the Hamiltonian (leave it invariant) are retained as physical symmetries.

There are multiple ways to define κ-deformed Hamiltonians, depending on the choice of

the timelike vector field Z, which selects a local frame. Each such choice corresponds to

a different basis of the κ-Poincaré Hopf algebra, potentially leading to different interaction

structures or interpretations in a physical theory. Some bases preserve the classical (unde-

formed) translation generators but introduce deformations in their coproducts, leading to

non-trivial momentum addition rules.

In this section, we focus specifically on the κ-Poincaré Hamiltonian in the bicrossproduct

basis and study the motion of free particles in curved spacetime under this framework. After

implementing the κ-Poincaré dispersion relation locally in a curved spacetime, we can study

how particles move in phase space under the influence of the corresponding Hamiltonian.

The motion is governed by the Hamilton equations of motion derived from the κ-deformed

Hamiltonian. These are first-order differential equations, which are equivalent to second-order

Euler-Lagrange equations when considering the associated Lagrangian.
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The Hamilton equations of motion for the κ-deformed Hamiltonian HZg give the following

relation between velocity and momentum:

ẋa = ∂̄aHZg = Za [−2
ℓ
sinh (ℓZ(p)) + ℓeℓZ(p) (g−1(p, p) +Z(p)2) + 2eℓZ(p)Z(p)] + 2eℓZ(p)gabpb,

(7)

and the evolution of the momentum is given by:

ṗa = −∂aHZg = pb∂aZb [2
ℓ
sinh (ℓZ(p)) − ℓeℓZ(p) (g−1(p, p) +Z(p)2) − 2eℓZ(p)Z(p)]

−eℓZ(p)pbpc∂agbc. (8)

To express this in a covariant way, one could use the Levi-Civita connection of the metric

g, leading to a covariant form of the momentum evolution:

ṗa = pb∇aZ
b [2

ℓ
sinh (ℓZ(p)) − ℓeℓZ(p) (g−1(p, p) +Z(p)2) − 2eℓZ(p)Z(p)] + 2eℓZ(p)pcpbΓc

ba

+ pbΓb
adZ

b [2
ℓ
sinh (ℓZ(p)) − ℓeℓZ(p) (g−1(p, p) +Z(p)2) − 2eℓZ(p)Z(p)] . (9)

The structure of the phase space is encoded in the Hamiltonian itself, not in the metric,

which is serving as a tool to check the covariance of the equations. Once Planck-scale effects

(via ϵ-deformation) are present, the geometry of spacetime and momentum space become

intertwined, and it is no longer possible to treat spacetime separately or assign it a standalone

metric structure.

By reorganizing the above expressions, one arrives at

pc∇aZ
c [2

ℓ
sinh (ℓZ(p)) − ℓeℓZ(p) (g−1(p, p) +Z(p)2) − 2eℓZ(p)Z(p)] =

ṗa − 2eℓZ(p)pbpcΓc
ab − pbΓb

adZ
d [2

ℓ
sinh (ℓZ(p)) − ℓeℓZ(p) (g−1(p, p) +Z(p)2) − 2eℓZ(p)Z(p)] .

(10)

Since these equations are tensorial, they are covariant under coordinate transformations.

This ensures that both sides transform consistently. In the limit ℓ → 0, the κ-deformed

equations reduce to the standard geodesic equations in general relativity:

ẋa = 2gabpb, ṗa − 2pbpcΓcab = 0 ⇒ ẍa + Γa
bcẋ

bẋc = ∇ẋẋ
a = 0. (11)
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This confirms the consistency of the deformation with the standard theory in the classical

limit.

To illustrate the consequences of these ideas, we now briefly discuss two observables pre-

viously discussed in the literature in the context of κ-Poincaré dispersion relation— the

Planck-scale–corrected gravitational redshift and the momentum-dependent photon sphere

[6]. Both are instances of how the deformed dispersion relation alters the kinematics of

particle motion by altering the dynamics. In the first case, the photon sphere acquires a

momentum dependence for the particle, inheriting the sensitivity to energy in null geodesics

in a phase space with deformations. In the second, gravitational redshift demonstrates a

mass-dependent correction, which is a sign of violation of the weak equivalence principle at

the Planck scale. Such pictures provide a concrete image of the way κ-Poincaré–type defor-

mations affect the geometric and observational structure implied by the deformed dispersion

relation.

1. Momentum-Dependent Photon Spheres

In general relativity, the photon sphere of the Schwarzschild black hole is a well-defined

surface at constant radius r = 3GM , regardless of the energy or momentum of the photon.

It is the surface of the unstable circular null geodesics and is of fundamental importance for

determining the size and form of the black hole shadow seen by observers at large distances.

But if the dispersion relation is distorted—like in the framework of the κ-Poincaré—then

the situation is qualitatively different. The distorted dispersion relation adds momentum-

dependent corrections to the equations of motion. Consequently, the position of circular

photon orbits is no longer universal but is rather dependent upon the angular momentum

and energy of the photon.

In the κ-Poincaré model investigated in the article [6] [16], the Hamiltonian describing the

spherically symmetric spacetime for a massless particle is given as

Hℓ(x, p) = −
2

ℓ2
sinh2( ℓ

2

√
a(r)pt) +

1

2
eℓ
√

a(r)pt( p2r
a(r) +

w2

r2
) (12)

(13)

pt is canonical momentum conjugate to the time coordinate t pr is the radial momen-
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tum w =
√
p2θ + sin−2 θ, p2ϕ represents the total angular momentum, a = (1 − rs/r)−1 ℓ is the

deformation parameter for the Planck scale.

Setting the radial momentum pr to 0 (computing the circular orbits) and requiring the

Hamiltonian to be equal to 0 results in the relationship between pt, r, and w. Expanding this

constraint perturbatively in ℓ, the radius of the photon sphere is found to become momentum

dependent, as has been derived in equauation (52) of [6]:

rγ(w) =
3

2
rs + ℓ ⋅

w

6
+O(ℓ2), (14)

The equation demonstrates the result of photons having greater angular momentum w

circulating at larger radii compared to those having lower w, thus ’stretching’ the photon

sphere along a small radius interval. This is a direct consequence of the violation of Lorentz

invariance at high energies and the manifestation of the curved momentum space created by

the distorted dispersion relation.

This has significant observational implications. As the external edge of the shadow of a

black hole is the unstable circular photon orbits (i.e., the photon sphere), such a momentum-

dependent deviation of the orbits would cause energy-dependent distortions of the observed

black hole shadow. Specifically, photons of various frequencies may contribute differently

to the silhouette, resulting in measurable deviations from the expected predictions of gen-

eral relativity if the scale of deformation ℓ is not too tiny. Although current measurements,

such as those made using the Event Horizon Telescope (EHT), lack the resolution to iden-

tify such Planck-scale corrections now, this theoretical prediction offers a conceptually and

geometrically sound avenue through which we could test the effects of quantum gravity.

2. Planck-Scale Corrections to Gravitational Redshift

An important observable where the dispersion relation modifications introduce the signa-

ture of quantum gravity is gravitational redshift. Redshift in general relativity arises from

the difference in gravitational potential between the two observers, and for static observers in

Schwarzschild spacetime, the frequency shift of the signal is solely given by the metric com-

ponent gtt(r). With the introduction of MDRs, especially those respecting the κ-Poincaré

symmetry, the redshift is sensitive to more than the spacetime geometry itself.
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The model developed in these papers [6] [17] builds up a modified Hamiltonian for the

static, spherically symmetric spacetime that obeys the local κ-Poincaré-type dispersion rela-

tion. The redshift is deduced from the difference between the energies of the photon (massless

particle) observed by two observers at radii r1 and r2. Each observer’s measurement of the

energy includes projecting the momentum of the photon onto their respective 4-velocity:

Ei = −paua
i (15)

Here ua
i is the four-velocity of the observer i and pa the covariant momentum of the photon.

The most important consequence is that, because the dispersion relation is modified, the

redshift formula acquires corrections suppressed at the Planck scale, as has been established

in equauation (56) of [6].

z + 1 = E1

E2

=
¿
ÁÁÀ1 − rs/r2

1 − rs/r1
(1 + ℓ2

8
(m2

1 −m2
2) + O(ℓ4)) , (16)

r1, r2 are the radial positions of the two observers m1,m2 are their respective rest masses

ℓ is the deformation parameter (usually varied to ∼ 1/EPlanck)
Here one sees the striking aspect: the redshift is no longer solely dependent on the space-

time metric but also on the rest masses of the observers. This breaks the principle of equiv-

alence to leading order ℓ2, where, in regular GR, the gravitational redshift between two

static observers is entirely independent of the observers’ internal properties. Here, observers

of different masses would measure ever so slightly different frequency shifts for the same

photon—which is a prospect prohibited in classical general relativity.

At the level of physics, this constitutes a tangible pathway to experimentally test the viola-

tion of Lorentz symmetry and the effects of quantum gravity in high-precision frequency com-

parison measurements, most relevantly those between atomic clocks of various compositions

at different gravitational potentials. Experiments along this line are already approaching the

high-precision domain and may eventually become sensitive enough to test (or constrain)

such Planck-scale effects of this kind. Additionally, because the deviation is proportional to

the difference of the squares of the masses, it is possible to think of test experiments where

the masses of the clocks are intentionally varied to optimize the Planck-suppressed correc-

tion term. Although the impact is incredibly small, suppressed by ℓ2 ≃ 1/E2
Planck - this is

the only instance where the redshift is sensitive to the properties of the particles, and the

phenomenology of the quantum structure of spacetime opens up to us.
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III. GEODESIC EQUATIONS IN LAGRANGIAN AND HAMILTONIAN

MECHANICS

The goal of this section is to give a quick overview of how geodesic equations occur in

the Lagrangian and Hamiltonian formalisms. Having treated in previous sections the phase-

space geometry of modified dispersion relations, the κ-Poincaré Hamiltonian, and a few

related observables, now it is natural to come back to the basic mechanics. Here I review

the simple definitions and structures of the Lagrangian and Hamiltonian frameworks and

show how the geodesic equations come out in each case. In the Hamiltonian framework,

the geodesics simply emerge due to Hamilton’s equations of motion, and we will study this

construction in preparation for generalization to deformed Hamiltonians.

In the Lagrangian formalism, the geodesic equation is a consequence of a variational

principle, and in part II of this thesis, which begins with section VI, I will reformulate mod-

ified dispersion relations in terms of a Finsler function, find the corresponding Lagrangian,

and study explicit examples of modified geodesics within that formalism. This introduction

therefore serves a two-fold purpose: it describes the connection between the two mechanics

formalisms, and it is preparation for the lengthy derivations of modified geodesic equations

presented later.

A. Lagrangian Mechanics and Geodesic Equations

Let X be an n-dimensional smooth manifold (configuration space) and L ∶ R × TX → R

a smooth Lagrangian function on its tangent bundle. For fixed a < b ∈ R and boundary

conditions xa, xb ∈X, define the path space

P = {q ∈ C∞([a, b],X) ∣ q(a) = xa, q(b) = xb}. (17)

The action functional S ∶ P → R is given by

S[q] = ∫
b

a
L(t, q(t), q̇(t))dt. (18)

Here, t is the parameter along the path q(t), typically interpreted as coordinate time, and

q̇(t) = dq
dt denotes its velocity.
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A path q ∈ P is a critical point of S if and only if it satisfies the Euler–Lagrange equations

∂L

∂qi
− d

dt
(∂L
∂q̇i
) = 0, i = 1, . . . , n, (19)

where (qi, q̇i) are local coordinates on TX.

Equivalently, in coordinate-free notation, q satisfies

δS

δq
= 0, (20)

where δS
δq denotes the functional derivative of S. We begin with the line element

ds2 = gαβdxαdxβ (21)

where gαβ is the metric with α,β = 0,1,2,3. Also, we are using the Einstein summation

convention in which we sum over repeated indices which occur as a subscript and superscript

pair. In order to find the geodesic equation, we use the variational principle which states

that freely falling test particles follow a path between two fixed points in spacetime which

extremizes the proper time, τ .

The proper time is defined by dτ 2 = −ds2. (We are assuming that c = 1.) So, formally, we

have

τAB = ∫
B

A

√
−ds2 = ∫

B

A

√
−gαβdxαdxβ (22)

In order to write this as an integral that we can compute, we consider a parametrized

worldline, xα = xα(σ), where the parameter σ = 0 at point A and σ = 1 at point B. Then, we

write

τAB = ∫
1

0
[−gαβ

dxα

dσ

dxβ

dσ
]
1/2

dσ ≡ ∫
1

0
L [dx

α

dσ
, xα]dσ. (23)

Here we have introduced the Lagrangian, L [dxα

dσ , xα].
We note also that

L = dτ

dσ
(24)
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Therefore, for functions f = f(τ(σ)), we have

df

dσ
= df

dτ

dτ

dσ
= Ldf

dτ
(25)

We will use this later to change derivatives with respect to our arbitrary parameter σ to

derivatives with respect to the proper time, τ .

Using variational methods as seen in classical dynamics, we obtain the Euler-Lagrange

equations in the form

− d

dσ
( ∂L

∂ (dxγ/dσ)) +
∂L

∂xγ
= 0. (26)

We carefully compute these derivatives for the general metric. First we find

∂L

∂xγ
= − 1

2L

∂gαβ
∂xγ

dxα

dσ

dxβ

dσ

= −L
2

∂gαβ
∂xγ

dxα

dτ

dxβ

dτ
(27)

The σ derivatives have been converted to τ derivatives.

Now we compute

∂L

∂ (dxγ/dσ) = −
1

2L
gαβ (

dxβ

dσ
δαγ +

dxα

dσ
δβγ)

= − 1

2L
(gγβ

dxβ

dσ
+ gαγ

dxα

dσ
)

= − 1
L
gαγ

dxα

dσ
. (28)

In the last step we used the symmetry of the metric and the fact that α and β are dummy

indices.

We differentiate the last result to obtain

− d

dσ
( ∂L

∂ (dxγ/dσ)) =
d

dσ
( 1
L
gαγ

dxα

dσ
)

= L d

dτ
(gαγ

dxα

dτ
)

= L [gαγ
d2xα

dτ 2
+ 1

2
(∂gαγ
∂xβ

+ ∂gγβ
∂xα
) dx

α

dτ

dxβ

dτ
] . (29)
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Again, we have used the symmetry of the metric and the reindexing of repeated indices.

Also, we have eliminated appearances of L by changing to derivatives with respect to the

proper time.

So far we have found that

0 = − d

dσ
( ∂L

∂ (dxγ/dσ)) +
∂L

∂xγ

= L [gαγ
d2xα

dτ 2
+ 1

2
(∂gαγ
∂xβ

+ ∂gγβ
∂xα
) dx

α

dτ

dxβ

dτ
] − L

2

∂gαβ
∂xγ

dxα

dτ

dxβ

dτ
(30)

Rearranging the terms on the right hand side we have

gαγ
d2xα

dτ 2
= 1

2

∂gαβ
∂xγ

dxα

dτ

dxβ

dτ
− 1

2
(∂gαγ
∂xβ

+ ∂gγβ
∂xα
) dx

α

dτ

dxβ

dτ

= −1
2
[∂gδγ
∂xβ

+ ∂gγβ
∂xδ

− ∂gδβ
∂xγ
] dx

δ

dτ

dxβ

dτ

≡ −gαγΓα
δβ

dxδ

dτ

dxβ

dτ
. (31)

We have found the geodesic equation,

d2xα

dτ 2
= −Γα

δβ

dxδ

dτ

dxβ

dτ
, (32)

where the Christoffel symbols satisfy

gαγΓ
α
δβ =

1

2
[∂gγδ
∂xβ

+ ∂gγβ
∂xδ

− ∂gδβ
∂xγ
] . (33)

This is a linear system of equations for the Christoffel symbols. If the metric is diagonal

in the coordinate system, then the computation is relatively simple as there is only one term

on the left side of Equation (10). In general, one needs to use the matric inverse of gαβ. Also,

you should note that the Christoffel symbol is symmetric in the lower indices, Γα
δβ = Γα

βδ

We can solve for the Christoffel symbols by introducing the inverse of the metric, gµγ.

Therefore, we can conclude that,

Γµ
δβ =

1

2
gµγ [∂gγδ

∂xβ
+ ∂gγβ

∂xδ
− ∂gδβ

∂xγ
] . (34)



23

B. Hamiltonian Mechanics and Geodesic Equations

A central technique in analytical mechanics is the reduction of the n second-order Euler-

Lagrange equations to a system of 2n first-order equations. This is achieved via the Legendre

transformation.

Definition 1 (Legendre Transformation). Let f ∶ Rn → R be a strictly convex function, i.e.,

its Hessian matrix Hf is positive definite. The Legendre transformation of f is the function

g ∶ Rn → R defined by

g(p) =max
x
[⟨p, x⟩ − f(x)] = ⟨p, x(p)⟩ − f(x(p)), (35)

where x(p) is the unique solution to p = ∂f
∂x , ⟨p, x⟩ denotes the natural dual pairing (or

inner product) between a covector pa and a vector xa. This transformation is involutive: if

g is the Legendre transform of f , then f is the Legendre transform of g.

Applying this concept to mechanics, we transform the Lagrangian L(q, q̇, t), viewed as a

function of the velocities q̇, to obtain the Hamiltonian.

Theorem 1. The system of Euler-Lagrange equations is equivalent to the following system

of 2n first-order equations, known as Hamilton’s equations:

ẋi = ∂H

∂pi
, (36)

ṗi = −
∂H

∂qi
, (37)

where the Hamiltonian H(p, q, t) is defined as the Legendre transform of the Lagrangian with

respect to q̇:

H(p, q, t) = ⟨p, q̇⟩ −L(q, q̇, t), with pi =
∂L

∂ẋi
. (38)

The Hamiltonian formalism provides a powerful tool for studying geodesic flows on Rie-

mannian manifolds.

Let (M, g) be a Riemannian manifold. Let (xi, pi) be canonical coordinates on the cotan-

gent bundle T ∗M, and the Hamiltonian is defined as:

H(q, p) = gij(x)pipj. (39)
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Then, the Hamiltonian flow

ẋi = ∂H

∂pi
= gijpj, (40)

ṗi = −
∂H

∂xi
= −1

2

∂gjk

∂xi
pjpk (41)

is equivalent to the geodesic equation onM.

This establishes the fundamental connection between the geometric notion of a geodesic

and the symplectic flow generated by a Hamiltonian on T ∗M.

We can start from the Hamiltonian of a free particle and derive the geodesic equation on

M directly from Hamilton’s equations.

Then by differentiating both sides of (40) with respect to the curve parameter, we arrive

at the following expression

ẍa = d

dτ
(∂̄aH (x, p))

= ẋb (∂b∂̄aH) + ṗb (∂̄b∂̄aH)

= ẋb (∂b∂̄aH) − ∂bH (∂̄b∂̄aH) (42)

Therefore, by substituting the expressions of the derivatives of the Hamiltonian, we expect

to get the geodesic equation.

∂̄aH = 2gac(x)pc = ẋa (43)

∂̄b∂̄aH = 2gab(x) (44)

∂aH = ∂ag
cd pcpd = −2pc Γd

bc pd [See Appendix (155)] (45)

∂b∂̄
aH = ∂b(2 gacpc) = 2pc∂bgac

= −2pc (gciΓa
bi + gaiΓc

bi) (46)

We now substitute the explicit expressions of the derivatives into equation (42),

ẍa = ẋb [−2pc(gciΓa
bi + gaiΓc

bi)] − ( − 2pc Γd
bc pd)(2gab)

= −2ẋbpcg
ciΓa

bi − 2ẋbpcg
aiΓc

bi + 4pc Γdc
a pd. (47)

Now replacing p by velocities via pc = 1
2gcmẋ

m:
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ẍa = −ẋbẋm (gcmgci)Γa
bi − ẋbẋm gai (gcmΓc

bi) + ẋc Γdc
a ẋd,

= −ẋbẋm Γa
bm − ẋbẋm Γmb

a + ẋcẋd Γdc
a.

⇒ ẍa + Γa
bc ẋ

bẋc = 0 (48)

It is generally expected and always feasible to rewrite the right-hand side of the equation

(48) for a more general hamiltonian-derived from a modified dispersion relation in a form

that mirrors the classic geodesic equation:

ẍa + Γa
bcẋ

bẋc =Da (49)

Here, it Da represents an additional term determined by the structure of the Hamiltonian. In

standard general relativity, where the Hamiltonian is homogeneous and quadratic in the mo-

menta (H = 1
2g

ab(x)papb), this extra term disappears. The result is the well-known geodesic

equation (48), which describes the path of a freely falling particle.

However, for more general Hamiltonians—particularly those derived from modified dis-

persion relations that break homogeneity in momentum—Da doesn’t vanish. Instead, it

introduces an effective “force” term that captures the deviation from geodesic motion. This

deviation reflects additional physical influences, such as those predicted by quantum gravity

or momentum-dependent spacetime structures.

After establishing the standard general relativistic case, the thesis shifts focus to exploring

a modified dispersion relation of the form

H(x, p) = g(p, p) + ϵ h(x, p). (50)

The first step was to study a specific example,

H(x, p) = gab(x)papb + ϵ gab(x)papbAc(x)pc, (51)

which introduces a background vector field Aa(x). I explicitly computed the corresponding

geodesic equation and then verified that this result can be reproduced by specifying this

h(x, p) into the general formula derived from Hamilton’s equations. This step ensures that

the general geodesic equation correctly captures the structure of modified trajectories arising

from a specific MDR.
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The broader aim of this thesis is to understand how more general modifications to the

Hamiltonian lead to deviations from geodesic motion in general relativity. In particular, this

thesis aims to study how a perturbation function, taken as an n-th order polynomial in the

momenta, modifies the geodesic equation, and to analyze these modifications in both the

Hamiltonian and the Lagrangian pictures. The goal is to identify the physical and geometric

interpretation of the different types of modifications that arise, as well as to determine what

kinds of nontrivial constraints might be required to ensure consistency with known physical

observations.
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IV. COMPUTING GEODESICS FOR H = g(p, p) + ϵ g(p, p)A(p)

To explore how modified dispersion relations affect particle trajectories, let us consider a

simple yet instructive first-order deformation of the standard relativistic Hamiltonian:

H = gabpapb + ϵ gabpapbAcpc = g(p, p) + ϵ g(p, p)A(p) (52)

This form introduces a coupling between the momentum and a background vector field

Aa, motivated by models with quantum-deformed symmetries [7]. Let us now derive the

corresponding geodesic equation using Hamilton’s equations and to do that we should start

by computing the derivatives of the Hamiltonian and then substitute them in equation (42):

ẋa = ∂̄aH = 2pa (1 + ϵA(p)) + ϵ g(p, p)Aa (53)

∂̄b∂̄aH = 2gab (1 + ϵA(p)) + 2ϵ (paAb + pbAa) (54)

ṗb = ∂bH = 2pmpnΓm
bn (1 + ϵA(p)) − ϵ g(p, p)pm (∇aA

m − Γm
anA

n) (55)

∂b∂̄
aH = −2 (Γc

bdg
ad + Γa

bdg
dc)pc(1 + ϵA(p)) + 2ϵ papd (∇bA

d − Γd
bcA

c)

− 2ϵ pdΓc
dbpcA

a + ϵg(p, p) (∇bA
a − Γa

bcA
c) (56)

The derivation can be simplified by working consistently to first order in ϵ so that in

the undeformed case (ϵ = 0) the usual relation pa = 1
2 ẋa is recovered. For nonzero ϵ, let us

therefore expand the momentum as

pa = 1
2 ẋa + ϵQa(x, ẋ) (57)

To first order in ϵ,

A(p) = Abpb = 1
2A(ẋ) + ϵAbQb(x, ẋ), g(p, p) = 1

4g(ẋ, ẋ) + ϵ ẋbQb(x, ẋ) + O(ϵ). (58)

Substituting (57) and (58) into (53) and keeping only O(ϵ):

ẋa = 2(12 ẋa + ϵQa)(1 + ϵ12A(ẋ)) + ϵ(14g(ẋ, ẋ))Aa

= ẋa + ϵ[2Qa + 1
2A(ẋ), ẋa + 1

4g(ẋ, ẋ),Aa]. (59)
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Cancelling ẋa on both sides and solving for Qa, we get:

Qa = −1
8
g(ẋ, ẋ)Aa − 1

4
A(ẋ) ẋa (60)

where Qa denotes the first-order correction.

Therefore,

pa =
1

2
ẋa − ϵ(

1

8
g(ẋ, ẋ)Aa +

1

4
A(ẋ) ẋa)

A(p) = Ac pc = Ac ( ẋc

2
− ϵ{1

8
g(ẋ, ẋ)Ac +

1

4
A(ẋ) ẋc})

A(p) = g(ẋ,A)
2

− ϵ

8
g(ẋ, ẋ) g(A,A) − ϵ

4
g(ẋ,A)2

⇒ ϵA(p) = ϵ g(ẋ,A)
2

= ϵA(ẋ)
2

[Ignoring O(ϵ2)]

g(p, p) = gabpapb

= gab (1
2
ẋa − ϵ(

1

8
g(ẋ, ẋ)Aa +

1

4
A(ẋ)ẋa))(

1

2
ẋb − ϵ(

1

8
g(ẋ, ẋ)Ab +

1

4
A(ẋ)ẋb))

= 1

4
g(ẋ, ẋ) − 3ϵ

8
g(ẋ, ẋ)A(ẋ)

(61)

And ϵg(p, p) = ϵ
4g(ẋ, ẋ)

Now, computing the following expressions:

ẋb (∂b∂̄aH) = −2ẋb (Γc
bd g

ad + Γa
bd g

dc)( ẋc

2
+ ϵQc) −

ϵA(ẋ)
2
[2ẋb (Γc

bd g
ad + Γa

bd g
dc)( ẋc

2
)]

+ ϵ

2
ẋaẋdẋ

b (∇bA
d − Γd

bcA
c) − ϵ

2
ẋdẋcẋ

bΓc
bdA

a + ϵ

4
g(ẋ, ẋ)ẋb (∇bA

a − Γa
bcA

c)

= −ẋbẋcΓcb
a − ẋbẋdΓa

bd +
1

4
ϵ g(ẋ, ẋ) ẋbΓcb

aAc + ϵ

2
ẋaẋdẋb∇bAd −

ϵ

2
ẋaẋdẋbΓdbcA

c

− ϵ

2
ẋcẋdẋbΓdbcA

a + ϵ

4
g(ẋ, ẋ) ẋb∇bA

a (62)

ṗb (∂̄b∂̄aH) = (2pmpnΓm
bn (1 + ϵA(p)) − ϵ g(p, p)pm (∇bA

m − Γm
bnA

n))

(2gab (1 + ϵA(p)) + 2ϵ (paAb + pbAa))

= ẋmẋn Γmn
a − ϵ

2
g(ẋ, ẋ)Γmn

aAmẋn − ϵΓmn
aA(ẋ)ẋmẋn + ϵA(ẋ) ẋmẋn Γmn

a

+ ϵ

2
ẋaAb ẋmẋn Γmbn +

ϵ

2
ẋbAa ẋmẋn Γmbn −

ϵ

4
g(ẋ, ẋ) ẋm∇aAm +

ϵ

4
g(ẋ, ẋ) ẋm Γmn

aAn

(63)
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Substituting these expressions in (42), the geodesic equation becomes,

ẍa + Γa
bdẋ

dẋb = ϵ [−1
4
g(ẋ, ẋ) ẋm∇aAm +

1

4
g(ẋ, ẋ) ẋb∇bA

a + 1

2
ẋaẋdẋb∇bAd]

= ϵ

4
ẋb (g(ẋ, ẋ)gap(∇bAp −∇pAb) + 2ẋaẋdẋb∇bAd) (64)

A few key features of this equation should be mentioned. In this expression, all velocity

terms can be factored out from the right-hand side, leaving only covariant derivatives of

the background vector field, which means the resulting equation is purely tensorial on the

base manifold. If the background vector field can be written as the partial derivative of a

scalar function, Ab = ∂bf , then the antisymmetric part (∇bAp −∇pAb) vanishes. This means

there exists a non-trivial choice of Ab for which the modification to the geodesic equation

disappears. In such a case, the only remaining contribution is the term proportional to ẋa,

which can be absorbed by a reparametrization of the curve. As a result, the underlying

trajectories on the manifold coincide with those of general relativity.

This provides an interesting example—while not the most general solution, it illus-

trates how certain modified dispersion relations can reduce to the standard geodesics up

to reparametrization.

A closely related structure to equation (64) appears already in standard general relativity.

In the presence of an electromagnetic field, a charged test particle does not follow a geodesic;

instead, its motion acquires an additional force term due to the electromagnetic field. In

literature, it is written out as (see Carroll Eq.(6.122) [18])

d2xµ

dτ 2
+ Γµ

ρσ
dxρ

dτ

dxσ

dτ
= e

m
F µ

ν
dxν

dτ
, Fµν = ∂µAν − ∂νAµ.

Fµν is the electromagnetic field-strength tensor. The structure on the right-hand side of

our modified geodesic equation is similar in the sense that the antisymmetric combination

∇pAb−∇bAp plays the role of a field-strength tensor, whose contraction with the four-velocity

introduces a force-like deviation from geodesic motion. In our case, however, the one-form

Aa is not an electromagnetic gauge potential, but a background field encoding quantum-

gravity–motivated modifications of the dispersion relation.

It is striking that, despite arising from a quantum gravity motivated deformation of the

dispersion relation, the full equation of motion reproduces the same structural form as the
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electromagnetic force modified geodesic equation in curved spacetime. This parallel is emerg-

ing here from entirely different physical contexts.

In the following section, I will closely follow the same steps as in the previous derivation

to obtain the geodesic equation for a more general first-order perturbation of the dispersion

relation. The goal here is to arrive at a final expression where, once the form of the pertur-

bation function h(x, p) is specified, it can be directly substituted into the geodesic equation.

This provides a systematic framework: for any new modified dispersion relation proposed in

quantum gravity models, one can simply insert the corresponding perturbation function and

immediately read off the associated modification to geodesic motion.
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V. GENERAL FIRST ORDER PERTURBATIONS

Let g be a general Lorentzian metric and h(x, p) be a function on the cotangent bundle

T ∗M of spacetime. A general first order modification of the GR dispersion relation is defined

by the Hamilton function

H(x, p) = g(p, p) + ϵh(x, p). (65)

The term g(p, p) = gab(x)papb defines the GR point particle dispersion relation on a curved

spacetime, ϵ is a perturbation parameter, counting the first nontrivial correction to GR, and

h(x, p) a perturbation function, which needs to be specified depending on the application in

consideration. In the context of quantum gravity phenomenology, ϵ is usually related to the

Planck length or Planck energy and h(x, p) can, for example, be obtained from Planck scale

MDRs, such as the κ-Poincaré dispersion relation and others.

The Hamilton equations of motion gives us:

ẋa = ∂̄aH = 2pa + ϵ ∂̄ah(x, p) , pa = gab(x)pb (66)

ṗa = −∂aH = −(∂agcd)pcpd − ϵ ∂ah(x, p) = 2Γdbcp
dpc − ϵ∂b h(x, p). (67)

Let us begin by introducing an ansatz for the momentum in terms of the velocity, similar

to the one used in the previous section (57). Plugged into the first Hamilton equations of

motion

ẋa = 2(αẋa + ϵ Qa(x, ẋ)) + ϵ ∂̄ah(x, (αẋ + ϵQ)) . (68)

From ϵ→ 0 we find α = 1/2. Then the leftover of equation(66) is

0 = ϵ(2Qa) + ϵ∂̄ah(x, p̄(x, ẋ))

= ϵ(2Qa + ∂̄ah(x,αẋ))

⇒ Qa = −1
2
∂̄ah(x,αẋ)) . (69)

Hence

pa(x, ẋ) =
1

2
ẋa − ϵ

1

2
gac(x)∂̄ch(x, p̄(x, ẋ))) . (70)



32

with p̄a(x, ẋ) = 1/2ẋa. The dispersion relation becomes

gab(x)pa(x, ẋ)pb(x, ẋ) + ϵh(x, p(x, ẋ)) =m2

⇒ 1

4
(g(ẋ, ẋ) − 2ϵẋd∂̄

dh(x, p̄(x, ẋ))) + ϵh(x, p̄(x, ẋ)) =m2 (71)

Now calculating x and p derivative of ∂̄aH up to O(ϵ)): Derivative with respect to x:

∂b∂̄
aH = 2(∂bgac)pc + ϵ ∂b∂̄ah(x, p)

= 2 (−Γa
bdg

cd − Γc
bdg

ad)(1
2
ẋc − ϵ

1

2
gcf ∂̄

fh(x, p̄)) + ϵ ∂b∂̄ah(x, p(x, ẋ))

= −Γa
bdg

cd (ẋc − ϵgcf ∂̄fh) − Γc
bdg

ad (ẋc − ϵgcf ∂̄fh) + ϵ ∂b∂̄ah(x, p(x, ẋ))

= −Γa
bdẋ

d − Γcb
aẋc + ϵ [Γa

bd∂̄
dh + Γcb

a∂̄ch + ∂b∂̄ah(x, p(x, ẋ))] (72)

Derivative with respect to p:

∂̄b∂̄aH = 2gab(x) + ϵ ∂̄b∂̄ah(x, p(x, ẋ)) (73)

Equation(67) in terms of ẋ

ṗb =
1

2
Γdbcẋ

dẋc − ϵ

2
Γdbc (ẋd∂̄ch + ẋc∂̄dh) − ϵ∂b h(x, p) (74)

Substituting all these results in equation(42)

ẍa = ẋb (∂b∂̄aH) + ṗb (∂̄b∂̄aH)

= ẋb( − Γa
bdẋ

d − Γcb
aẋc + ϵ [Γa

bd∂̄
dh + Γcb

a∂̄ch + ∂b∂̄ah(x, p(x, ẋ))] )

+ [1
2
Γdbcẋ

dẋc − ϵ

2
Γdbc (ẋd∂̄ch + ẋc∂̄dh) − ϵ∂b h(x, p)](2gab(x) + ϵ ∂̄b∂̄ah(x, p(x, ẋ)))

− Γa
bdẋ

dẋb − Γcb
aẋcẋb + ϵẋb [Γa

bd∂̄
dh + Γcb

a∂̄ch + ∂b∂̄ah(x, p(x, ẋ))]

+ Γdc
aẋdẋc + ϵ

2
Γdbc∂̄

b∂̄ah ẋdẋc − ϵΓdc
a (ẋd∂̄ch + ẋc∂̄dh) − 2ϵ gab∂bh(x, p)

= −2ϵ gab∂bh(x, p) + ϵẋb∂b∂̄
ah(x, p(x, ẋ)) + ϵ(Γa

dc − Γdc
a)ẋd∂̄ch + ϵ

2
Γdbc∂̄

b∂̄ah ẋdẋc (75)

Therefore, the geodesic equation

ẍa = − Γa
bdẋ

dẋb − Γcb
aẋcẋb + ϵẋb [Γa

bd∂̄
dh + Γcb

a∂̄ch + ∂b∂̄ah(x, p(x, ẋ))]

+ Γdc
aẋdẋc + ϵ

2
Γdbc∂̄

b∂̄ah ẋdẋc − ϵΓdc
a (ẋd∂̄ch + ẋc∂̄dh) − 2ϵ gab∂bh(x, p)

ẍa + Γa
bdẋ

dẋb = −2ϵ gab∂bh(x, p) + ϵẋb∂b∂̄
ah(x, p(x, ẋ)) + ϵ(Γa

dc − Γdc
a)ẋd∂̄ch + ϵ

2
Γdbc∂̄

b∂̄ah ẋdẋc

(76)
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The terms in the modified geodesic equation can be grouped in a specific way to ensure

that all non-covariant contributions involving Christoffel symbols cancel. This structure

guarantees that the resulting equation is manifestly covariant. In particular, this organization

reveals that the correction to the geodesic motion depends solely on covariant derivatives such

as ∇aAb.

ẍa + Γa
bdẋ

dẋb = ϵ[ − gab (2∂bh + ẋdΓ
d
bc∂̄

ch)

+ (ẋb∂b∂̄
ah + 1

2
ẋcẋdΓdbc∂̄

b∂̄ah + ẋbΓa
bd∂̄

dh)] . (77)

Equation (77) represents the one of the main result of this thesis. From this point onward,

the procedure is straightforward: one specifies a perturbation function h(x, p), computes

its derivatives, and substitutes them into this general expression. Both of the bracketed

terms contribute only covariant derivatives of the background vector field, independent of

any further assumptions. This is precisely what makes the formula so powerful. All later

examples in the Hamiltonian framework build directly on this result.

For example, let us choose h = Aqpq, then

ϵ∂bh = ϵpq∂bAp = ϵ

2
ẋp∂bA

p , ϵ∂̄ch = Ac , ϵ∂̄a∂̄bh = 0 , (78)

and thus

ẍa + Γa
bdẋ

dẋb = ϵ[ − gab(ẋp∂bA
p + ẋdΓ

d
bcA

c) + (ẋb∂bA
a + ẋbΓa

bdA
d)]

= ϵẋpgab[ − ∇bAp +∇pAb]

= ϵẋpgab [∇pAb −∇bAp] . (79)

A similar structure was found already in the modified geodesic equation (64) of previous

example we derived , where the equation resembled the equation of motion for a charged

particle in curved spacetime in the presence of an electromagnetic field. It is therefore

noteworthy that an analogous structure persists here, originating from a quantum-gravity

background rather than a gauge field.

Having referred to the linear perturbation function, my first concrete example I considered

was the mixed case with the perturbation function h(x, p̄) = g(p̄, p̄)A(p̄). Plugging in this
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form of h in the general first-order perturbed geodesic equation (77), we arrive at precisely the

same geodesic equation (64) we had derived earlier by starting from Hamilton’s equations of

motion. The detailed derivation of the geodesic equation can be found in Appendix A 1, where

all intermediate steps are presented. This is a nice consistency test of our formalism. From

the analogy, we immediately recognize that the same pattern antisymmetric-like appears in

each of these cases. In addition, there is a second term proportional to ẋa⋯ in the h(x, p̄) =
g(p̄, p̄)A(p̄) case, which can be fully absorbed by a reparametrization of the trajectory in the

following way. We can change the parametrization from τ → s(τ) such that

ẋ(s(τ)) = d

dτ
x(s(τ)) = dx

ds

ds

dτ
= x′ṡ ,

ẍ(s(τ)) = x′s̈ + x′′ṡ2 , (80)

which turns equation((A7)) to

x′′a + Γa
bcx
′bx′c = = ϵ

4
ẋ′b (g(ẋ′, ẋ′)(∇bA

a −∇aAb) + ẋ′a(2ẋ′dẋ′b∇bAd −
s̈

ṡ2
)) (81)

The last term vanishes if one choose a parametrization of the curve such that

s̈

ṡ2
= 2ẋ′dẋ′b∇bAd (82)

This similarity between the linear case and the g(p̄, p̄)A(p̄) case is quite striking, since the two
dispersion relations are quite distinct when written out explicitly in Minkowski spacetime.

One neat way of seeing how different these MDRs are, is to work locally in an orthonormal

frame of the metric adapted to the background vector field. We can start by picking a point

x ∈ M and choose a tetrad {eµ̂} with gµ̂ν̂ = ηµ̂ν̂ = diag(−1,1,1,1), and align the time–like

direction of this frame with the vector field.

Aa(x) = Z(x) e0̂a, Z ∶=
√
− g(A,A).

The momentum components can be written in this frame as pµ̂ = (p0̂,p). Then

gabpapb = −p2
0̂
+ ∣p∣2, A(p) = Aapa = Z ea0̂pa = Z p0̂.

With these identities the MDRs of interest become:
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• Linear h = A(p):

−p2
0̂
+ ∣p∣2 + εZ p0̂ = 0 ⇒ p0̂ ≈ ∣p∣ + εZ

2 (to O(ε)), (83)

• Mixed cubic h = g(p, p)A(p):

−p2
0̂
+ ∣p∣2 + ε (−p2

0̂
+ ∣p∣2)Z p0̂ = 0, (84)

which is cubic in p0̂ (energy) and looks algebraically very different from the linear case.

To understand this similarity more clearly, we analyze another cubic case in momenta

A(p)3. The detailed derivation of this example is given in Appendix A 2. In the final form

of the geodesic equation(A14), one again finds the antisymmetric term already encountered

in the mixed cubic case, but in addition a new contribution appears which is now propor-

tional to Aa. Unlike in the mixed case, this Aa-term cannot be absorbed through a simple

reparametrization of the trajectory. To get the necessary condition for the geodesic equation

to reduce to the general relativistic case, one must instead solve the differential equation

directly, setting the right-hand side of the geodesic equation equal to zero. Therefore, even

though both the perturbation functions are cubic in the momenta they led very different

conditions that has to be met if we don’t want the geodesic equation to deviate from the

general relativistic one. This prompts us to consider the more general Hamiltonian of the

form H = (g(p, p))k (A(p))l, which will allow us to analyze systematically what powers of

g(p, p) or A(p) contribute to specific structures in the modified geodesic equation.

A. Deriving the geodesic equation for h(x, p) = (gbc(x)pbpc)
k
(Ad
(x)pd)

r

In this section I derive the geodesic equation for the perturbation function h(x, p) =
(gbc(x)pbpc)

k (Ad(x)pd)
r
, this case generalizes all the other cases we have discussed so far.

We begin by calculating the perturbation function’s derivatives and then substituting the

p-s in terms of ẋ-s.

The p derivative of h is given by:

∂̄ah = k g(p, p)k−1 (A(p))r (2gabpb) + r g(p, p)k (A(p))r−1Aa.

= k (14g(ẋ, ẋ))
k−1(1

2A(ẋ))
r
ẋa + r (14g(ẋ, ẋ))

k (1
2A(ẋ))

r−1
Aa. (85)
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Let us define g(ẋ, ẋ) = G and A(ẋ) = A to make the calculation look a bit more neat.

Then

∂̄ah = k (14G)
k−1(1

2A)
r
ẋa + r (14G)

k (1
2A)

r−1
Aa. (86)

The x derivative:

∂bh = −2k g(p, p)k−1A(p)r Γd
bcp

cpd + r g(p, p)kA(p)r−1 pd(∇bA
d − Γd

bcA
c)

= −1
2k (14G)

k−1 (1
2A)

r
Γd
bcẋ

cẋd + 1
2r (14G)

k (1
2A)

r−1
ẋd(∇bA

d − Γd
bcA

c). (87)

The p derivative of ∂̄ah:

∂̄b∂̄ah = 4k(k − 1) g(p, p)k−2(A(p))r gbdpd gacpc + 2kr g(p, p)k−1(A(p))r−1Abgacpc

+ 2k g(p, p)k−1(A(p))rgab + 2kr g(p, p)k−1(A(p))r−1gbdpdAa (88)

+ r(r − 1) g(p, p)k(A(p))r−2AbAa.

= k(k − 1) (14G)
k−2 (1

2A)
r
ẋaẋb + kr (14G)

k−1 (1
2A)

r−1 (Abẋa +Aaẋb)

+ 2k (14G)
k−1 (1

2A)
r
gab + r(r − 1) (14G)

k (1
2A)

r−2
AaAb. (89)

The x derivative of ∂̄ah:

∂b∂̄
ah = 2k(k − 1) g(p, p)k−2A(p)r (∂bgcd)pcpd gaepe + 2kr g(p, p)k−1A(p)r−1 (∂bAd)pd gaepe

+ 2k g(p, p)k−1A(p)r (∂bgae)pe + kr g(p, p)k−1A(p)r−1 (∂bgcd)pcpdAa

+ r(r − 1) g(p, p)kA(p)r−2 (∂bAd)pdAa + r g(p, p)kA(p)r−1 ∂bAa.

= −1
2k(k − 1) (14G)

k−2 (1
2A)

r
Γd
bcẋ

cẋdẋ
a + 1

2kr (14G)
k−1 (1

2A)
r−1

ẋaẋd(∇bA
d − Γd

bcA
c)

− 2k (14G)
k−1 (1

2A)
r (1

2Γ
a
biẋ

i + 1
2g

aiΓc
biẋc) − 1

2kr (14G)
k−1 (1

2A)
r−1

Γd
bcẋ

cẋdA
a

+ 1
2r(r − 1) (14G)

k (1
2A)

r−2
Aaẋd(∇bA

d − Γd
bcA

c) + (14G)
k (1

2A)
r−1 (∇bA

a − Γa
bcA

c).
(90)

We now substitute these components into the modified geodesic equation(77):

ẍa + Γa
bd ẋ

dẋb = ϵ[ − r (14G)
k (1

2A)
r−1

ẋd∇aAd + 1
2kr(14G)

k−1

(12A)
r−1

ẋbẋaẋd∇bA
d

+ 1
2r(r − 1)(14G)

k

(12A)
r−2

Aaẋbẋd∇bA
d + r(14G)

k

(12A)
r−1

ẋd∇dA
a]

= ϵ[r(14G)
k

(12A)
r−1

ẋdgab(∇dAb −∇bAd) + 1
2kr(14G)

k−1

(12A)
r−1

ẋbẋaẋd∇bAd

+ 1
2r(r − 1)(14g(ẋ, ẋ))

k

(12A(ẋ))
r−2

Aaẋbẋd∇bAd (91)
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Therefore, in the more general case, the modified geodesic equation acquires three char-

acteristic structures. First, there is an antisymmetric piece of the form gab(∇dAb − ∇bAd);
this is the same tensorial structure that appeared in all earlier examples. Second, a term

proportional to ẋa is present; it can be removed by a reparametrization of the curve, so it

does not change the underlying trajectory. Third, there is a term proportional to Aa; unlike

in the mixed cubic case (g(p, p)A(p)) or the linear case, this contribution does not in general

disappear under reparametrization and only vanishes when r = 1. This explains why the

linear and the mixed cubic examples looked dynamically similar in spite of their different

momentum homogeneities: both share r = 1. In all other cases (r ≠ 1), one must solve the

differential equation obtained by setting the right-hand side of the geodesic equation to zero

to get the necessary conditions that would lead to the GR case.

This framework also generalizes naturally to modified dispersion relations of the form

(A(p))N , which capture the string-inspired microscopic recoil model as a special case. We

recover the modified geodesic equation for A(p)N (A21), by setting k = 0 and r = N in

equation (91), which yields the modified geodesic equation

ẍq + Γq
ijẋ

iẋj = ϵ N

2,N−1
A(ẋ)N−1ẋm [gqb(∇mAb −∇bAm) +

(N − 1)Aqẋb

A(ẋ) ∇bAm] . (92)

A concrete realization of space-time foam effects was proposed in [19], in the framework of

Liouville string theory. In this model, quantum defects in the vacuum act as a refractive

medium for neutral particles, leading to a modified dispersion relation for photons of the

form

pγ ≃ Eγ −
E2

γ

MQG

with MQG a characteristic quantum-gravity scale, typically near the Planck mass. A key

feature is that only photons, being neutral under the Standard Model gauge group, couple

to these space-time fluctuations, while electrons and other charged particles remain unaf-

fected and retain their standard Lorentz-invariant dispersion relations. This violation of the

equivalence principle makes photons unique probes of such quantum-gravity-induced effects,

consistent with stringent synchrotron bounds on the electron sector while leaving high-energy

gamma-ray observations as the primary testing ground for linear MDRs. This structure of
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the modification can be cast in Hamiltonian form as a perturbation h = (A(p))4 added to

the general relativistic dispersion relation. More generally, one may consider higher powers,

h = (A(p))N , which yield Planck-suppressed deviations scaling as EN−2 in Minkowski space-

time. To study possible deviations of photon trajectories from general relativity, we take the

perturbation h = (A(p))N , insert it into the geodesic equation(77), and follow similar steps of

derivation that we did earlier; a detailed calculation can be found in Appendix A 3 There it is

shown explicitly that the modified geodesic equation for this class of models contains all three

characteristic structures identified previously: the antisymmetric term, the reparametriza-

tion term proportional to ẋa, and the additional term multiplied with Aa. Whether or not

this last contribution survives depends on the power N : for N = 1 the Aa-term disappears,

while for N > 1 it remains, as already illustrated in the (A(p))3 example. In addition to this

MDR, there is another string-theory–inspired MDR for D-particle backgrounds and vacuum

refractive indices, characterized by h = (gabpapb − (Aqpq)2)N . I will derive the geodesic equa-

tion from this MDR in Appendix A 4, where the calculation is carried out following the same

procedure we have used so far: computing all derivatives of h and substituting them into

equation (77). The theoretical motivation for this model is discussed briefly in VIIB, when

we derive the geodesic equation for this MDR in Lagrangian framework. In principle, this

case could also have been derived directly from the n-polynomial master formula, which we

will be deriving in the upcoming section, since it too fits into the class of polynomial per-

turbations. However, we defer its treatment with n-polynomial formula to the Lagrangian

picture, where we present the derivation explicitly. This allows us to see more clearly how

the calculation unfolds when using the general geodesic equation instead of the compact

polynomial formula, and it provides a useful comparison of the relative difficulty of working

with these two approaches.

B. Geodesic equation for an MDR with a n-th order polynomial term in p

In this section, we will turn to a more general version of the perturbation function, written

as

h(x, p) = ha1...an(x)pa1⋯pan , pa = 1
2 ẋa, (93)

with ha1...an totally symmetric. Some examples of this h(x, p) could be
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• Polynomial in A(p)

h(x, p) = (Aapa)n = (Aa1pa1)...(Aanpan) = Aa1 ...Aanpa1 ...pan ⇔ ha1...an = Aa1 ...Aan .

(94)

• A mix between a metric and a 1-form (n = 3 example)

h(x, p) = g(p, p)A(p) = gabAcpapbpc⇔ habc = 1

3
(gabAc + gbcAa + gacAb) = g(abAc) , (95)

where round brackets around indices denote normalized symmetrization.

This formulation allows us to derive a fully general expression modified geodesic equation

for the first order perturbation to the MDR, encompassing all previous examples as special

cases. In particular, it not only recovers the simpler polynomial deformations discussed

earlier, but also provides a unified framework that includes more complex polynomial string-

inspired models. For instance, the D-particle background model and the vacuum refractive

index model. Later, in the Lagrangian picture, we would revisit the same example and we

shall use the n-th order polynomial formula in Lagrangian framework to derive the geodesic

equation. We would see that the n-th order polynomial formula in both frameworks ends

up being nearly identical up to a parameterization. Therefore, we may obtain a fairly clear

understanding of how the steps of the derivation would have appeared if we had used the

n-th order polynomial geodesic formula in the Hamiltonian framework.

To derive the geodesic equation for this n-order polynomial in momenta, we follow the

exactly same steps of the derivation that we had followed for the previous examples. We

start by calculating the derivatives of the perturbation function h.

Derivative with respect to x:

∂bh = (∇bh
a1...an)pa1⋯pan − nΓc

ba1 h
a1a2...an pcpa2⋯pan

= (12)
n

[(∇bh
a1...an) ẋa1⋯ẋan − nΓc

ba1 h
a1a2...an ẋcẋa2⋯ẋan]. (96)

Derivative with respect to p:

∂̄ah = nhaa2...an pa2⋯pan

= n(12)
n−1

haa2...an ẋa2⋯ẋan . (97)
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Second derivative with respect to p:

∂̄b∂̄ah = n(n − 1)haba3...an pa3⋯pan

= n(n − 1)(12)
n−2

haba3...an ẋa3⋯ẋan . (98)

Mixed derivative (x then p):

∂b∂̄
ah = n (∇bh

aa2...an)pa2⋯pan − nΓa
bc h

ca2...an pa2⋯pan
− n(n − 1)Γc

ba2 h
aa2...an pcpa3⋯pan

= (12)
n−1

[n (∇bh
aa2...an) ẋa2⋯ẋan − nΓa

bc h
ca2...an ẋa2⋯ẋan

− n(n − 1)Γc
ba2 h

aa2...an ẋcẋa3⋯ẋan]. (99)

First part of equation (77)

2∂bh + ẋdΓ
d
bc ∂̄

ch = 2(12)
n

[(∇bh
a1...an) ẋa1⋯ẋan − nΓc

ba1 h
a1a2...an ẋcẋa2⋯ẋan]

+ n(12)
n−1

ẋdΓ
d
bc h

ca2...an ẋa2⋯ẋan .

= (12)
n−1

(∇bh
a1...an) ẋa1⋯ẋan (100)

And the second part:

ẋb∂b∂̄
ah + 1

2
ẋcẋdΓdbc∂̄

b∂̄ah + ẋbΓa
bd∂̄

dh

= ẋb

⎡⎢⎢⎢⎢⎣
n(12)

n−1

(∇bh
aa2...an)ẋa2⋯ẋan − n(12)

n−1

Γa
bc h

ca2...anẋa2⋯ẋan

− n(n − 1)(12)
n−1

Γc
ba2 h

aa2...anẋcẋa3⋯ẋan

⎤⎥⎥⎥⎥⎦
+ 1

2 ẋ
cẋdΓdbc [n(n − 1)(12)

n−2

haba3...anẋa3⋯ẋan] + ẋbΓa
bd [n(12)

n−1

hda2...anẋa2⋯ẋan]

= n(12)
n−1

ẋb(∇bh
aa2...an)ẋa2⋯ẋan . (101)

Therefore, the geodesic equation becomes,

ẍa + Γa
bdẋ

dẋb = ϵ
⎡⎢⎢⎢⎢⎣
− (12)

n−1

gab (∇bh
c1...cn) ẋc1⋯ẋcn + n(12)

n−1

ẋb∇bh
ac2...cn ẋc2⋯ẋcn

⎤⎥⎥⎥⎥⎦
.

= ϵ(12)
n−1

gab(n∇c1h(bc2...cn) −∇bh(c1...cn)) ẋc1⋯ẋcn . (102)



41

This compact formula for the n-th order polynomial perturbation is one of the central

results of this thesis and it motivates a general conjecture about the structure of modified

geodesic equations. It illustrates why an antisymmetric structure always shows up in the

geodesic equation for any first-order perturbation: the term naturally occurs for perturba-

tions homogeneous in momenta regardless of it’s structure. We also see that, the veloc-

ity dependence on the right-hand side can be completely factorized, so that only covariant

derivatives of the perturbation tensor hc1c2...cn remain. This means that the resulting geodesic

equation retains a fully tensorial form on the base manifold. This formula’s power is in its

scope. By simply replacing the explicit form of the polynomial into this expression, we may

obtain the modified geodesic equation for any polynomial perturbation h(x, p). This enables
a broad range of models to be handled within a single, cohesive framework, such as those

derived from string theory or other quantum-gravity scenarios. However, the formula is re-

stricted to perturbations that are polynomial and homogeneous in the momenta; more exotic

modifications that are non-polynomial, non-homogeneous, or involve nonlocal structures fall

outside its reach. Having established this general Hamiltonian result, we now turn to the

Lagrangian picture, where it is instructive to see how these structures reappear when recast

in velocity space.
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VI. GEOMETRY OF THE TANGENT BUNDLE: FINSLER GEOMETRY

There are complementary reasons to recast the problem in velocity space. Many physical

observables and comparisons with general relativity are most transparent in a Lagrangian

(tangent-bundle) language where one varies a length functional along curves x(τ). A route

that we could follow is to take H(x, p), perform a Legendre transform to obtain L(x, ẋ),
and then vary an action built from L. In this section, I give a short overview of how the

Lagrangian is constructed and how the geodesic equation can be derived from it. Essentially,

the goal is just to briefly introduce Finsler geometry, summarize the procedure and highlight

the connection between the Lagrangian setup and the resulting geodesic dynamics.

The idea that would later develop into Finsler geometry goes back to Bernhard Riemann’s

1854 Habilitation Dissertation. In the second part of that work, Riemann suggested that

instead of measuring distances only with the usual quadratic form (ds =
√
gijdxidxj), one

could also imagine more general ways of defining the line element. For example, he proposed

that the line element could be the fourth root of a quartic differential expression. This

opened up the possibility of line elements beyond the standard Pythagorean type, where the

metric structure is quadratic. Riemann restricted his own study to the quadratic case, but

he pointed out that more general cases would take longer to develop and would be harder to

express with clear results.

It was only much later, in 1918, that Paul Finsler in his PhD thesis took up this more

general idea. Finsler defined distances using a function that is homogeneous of degree one

in the tangent directions. In other words, in Finsler geometry, the distance between points

depends not only on the points themselves but also on the directions in which one moves.

This dependence on direction is exactly what marks the non-Pythagorean nature of such

spaces.

Later developments connected this idea to physics. In particular, when considering modi-

fied dispersion relations in the dynamics of particles, the usual quadratic relation is no longer

valid, and one is naturally led to consider Finsler-type structures. The modified dispersion

relations can be described by a Hamiltonian constraint. Free particles, whose motion follows

from such Hamiltonians, can be described by trajectories obtained from a Helmholtz-type

action principle. For a particle, this action is given by
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S[x, p, λ] = ∫ dµ, (ẋapa − λ(H(x, p) −m)), (103)

where pa is the momentum, H(x, p) is the Hamiltonian, m is the mass, and λ is a Lagrange

multiplier enforcing the mass-shell condition.

By varying this action, one recovers the dispersion relation and the equations of motion.

For example, let us consider the general first-order perturbation to the dispersion relation:

H(x, p) = g(p, p) + ϵh(x, p), (104)

To pass from the dispersion relation to a length measure along trajectories, use the

Helmholtz action

S[x, p, λ]H = ∫ dµ (ẋapa − λf(H(x, p),m)), (105)

where λ enforces the mass shell and f = 0 is equivalent to H =m2. The algorithm (applied

perturbatively in ϵ) is:

• Varying with respect to λ imposes the dispersion relation, i.e. δλS ⇒ f = 0⇒H(x, p) =
m2.

• Varying with respect to the momentum pµ gives a relation between velocity and mo-

mentum i.e. δpaS ⇒ ẋa = λ∂āH ∂Hf . With H = g + ϵh,

ẋa = λ (2pa + ϵ ∂āh)∂Hf Ô⇒ pa =
ẋa

2λ∂Hf
− ϵ

2
gab∂b̄h. (106)

From this follow the useful identities

ẋapa = λ (2g + ϵ p⋅∂̄h)∂Hf, g(p, p) = g(ẋ, ẋ)
4λ2(∂Hf)2

− ϵ ẋa∂āh

2λ∂Hf
. (107)

• Solving this relation allows us to eliminate the momentum in terms of velocity. There-

fore, Insert the last relation into H =m2 and solve order by order with λ = λ0 + ϵλ1:

λ0 =
√
g(ẋ, ẋ)

2m∂Hf
, λ1 =

√
g(ẋ, ẋ)

4m3 ∂Hf
(h − ẋa∂āh

2m
) . (108)
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• Substitute p(x, ẋ, λ) and λ(x, ẋ) back into S[x, p, λ]H . All appearances of f cancel at

first order and one obtains the Finsler length S[x] = ∫ F (x, ẋ)dτ with

F (x, ẋ) =m
√
g(ẋ, ẋ) − ϵ

√
g(ẋ, ẋ)
2m

h(x, p̄(x, ẋ)) , p̄a ∶=m
gabẋb

√
g(ẋ, ẋ)

(Eq. (10)).

(109)

This is the Finsler function induced by a general first-order MDR; it depends on x and ẋ

and is 1-homogeneous in ẋ. This procedure is essentially a Legendre transformation, which

converts the Hamiltonian formulation into a Lagrangian one. The effective length measure

defines an arc-length functional that can be identified with the geometry of the underlying

space.

This can be written in terms of a generalized arc-length, showing that the motion of

a particle subject to a modified dispersion relation corresponds to extremizing a deformed

length functional. Identifying this functional with an arc-length in a generalized geometry is

what connects the mechanics of free particles with Finsler geometry.

Thus, the geometry in which particles propagate with MDRs is naturally described by a

generalized arc-length functional of the form

s[x] = ∫ F (x, ẋ), dµ, (110)

where F (x, ẋ) is a positively homogeneous function of degree one in the velocity. This

ensures parametrization invariance of the arc-length.

Finsler Spacetimes

To formalize this, one works with the tangent bundle TM , with coordinates (x, y) where x

are spacetime coordinates and y are velocity coordinates. One typically considers the slit

tangent bundle TM ∖ 0, excluding the zero vector.

A conic subbundle D ⊂ T̃M is introduced, satisfying π(D) = M under the projection

π ∶ TM → M , and with the property that if (x, y) ∈ D, then also (x,λy) ∈ D for all λ > 0.
This ensures the cone-like structure in each fiber of the tangent bundle.

A Finsler spacetime is then defined as a triple (M,D, L), where L ∶ D → R is a smooth

function satisfying:
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• Positive 2-homogeneity: L(x,αy) = α2L(x, y) for all α > 0.

• 2. Non-degenerate Hessian: At every (x, y) ∈ D, the Hessian

gµν(x, y) =
1

2

∂2L(x, y)
∂yµ∂yν

(111)

is non-degenerate.

• Lorentzian signature: The metric gµν has Lorentzian signature.

The function L is essentially the square of the Finsler function, L(x, y) = F 2(x, y). Using
Euler’s Theorem for homogeneous Function, the Finsler arc-length is defined as

s[x] = ∫
√
gµν(x, ẋ), ẋµẋν , dµ. (112)

Because of the homogeneity condition, this definition does not depend on the choice of

parametrization.

The Finsler metric gµν(x, y) transforms under coordinate changes in a way similar to

the Riemannian case but with dependence on both position and direction. This makes it a

distinguished tensor field on the tangent bundle.

Extremizing the Finsler arc-length yields the second-order ODE

d2xµ

dµ2
+ 2Gµ(x, ẋ) = 2dF

dµ

∂F

∂ẋµ
. (1)

The functions Gµ(x, ẋ) are the spray coefficients of the Finsler structure. They are quadratic

in the velocities and can be written as

Gα(x, ẋ) = 1

2
γ̂αµν(x, ẋ), ẋµẋν , (113)

where γ̂αµν(x, ẋ) are the Christoffel-type symbols built from the Finsler metric gµν(x, ẋ) =
1
2

∂2L
∂ẋµ∂ẋν via

γ̂αµν(x, ẋ) = 1

2
gαβ(x, ẋ)(∂g

µβ

∂xν
+ ∂gνβ

∂xµ
− ∂gµν

∂xβ
) . (114)

where the spray coefficients Gµ(x, ẋ) encode the effect of the Finsler structure. These

coefficients are built from the Finsler metric and play the role of generalized Christoffel

symbols.

In this way, Finsler geometry generalizes Riemannian geometry by introducing direction

dependence into the metric structure, which naturally arises when considering MDRs and

quantum gravity motivated deformations.
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VII. DERIVING GEODESIC EQUATION FROM THE FINSLER FUNCTION

In this section we turn to the Lagrangian formulation of MDRs and derive the geodesic

equation from the Finsler function. The goal here is to establish a fully general expression for

particle trajectories in the Lagrangian picture, which complements the Hamiltonian frame-

work developed earlier. This result is important because it provides a second, independent

route to the geodesic equation and allows us to compare systematically the two approaches.

Having this parallel formulation will also be essential later, when we revisit explicit examples,

in particular when we derive the geodesic equation for an MDR with with a n-th order poly-

nomial term in p, and examine how the structure of the geodesic equation changes depending

on the structure of the perturbation function. With the Finsler function F (x, ẋ) at hand,

one can proceed to derive the geodesic equation directly from the Euler–Lagrange equations,

d

dτ
( ∂L
∂ẋa
) − ∂L

∂xa
= 0, (115)

with L = F 2. In this framework the dynamics takes the form of a Finsler geodesic equation,

ẍa + 2Ga(x, ẋ) = 0, (116)

where the geodesic spray Ga is expressed in terms of the inverse Finsler metric gabL and

the derivatives of L as

Ga = 1
4 g

ab
L (ẋc∂c∂̇bL − ∂bL). (117)

Hence, we should be able to derive the geodesic equation if we are able to derive the

inverse Finsler metric gLab, which is defined by

gLabgLbc = δac (118)

and

gLbc =
1

2
∂̇b∂̇cL . (119)
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For

L = F 2 = g(ẋ, ẋ) (m2 − ϵh(x, ẋ)) . (120)

we find

gLab =m2gab − ϵ(gabh + ẋa∂̇bh + ẋb∂̇ah +
1

2
g(ẋ, ẋ)∂̇a∂̇bh) (121)

with inverse

gLab = 1

m2
gab + ϵ

m4
(gabh + (ẋagbc + ẋbgac)∂̇ch +

1

2
g(ẋ, ẋ)gacgbd∂̇c∂̇dh) . (122)

Now, the derivatives of L are

∂aL = 2Γiajẋ
iẋj(m2 − ϵh) − ϵg(ẋ, ẋ)∂ah ,

∂̇aL = 2ẋa(m2 − ϵh) − ϵg(ẋ, ẋ)∂̇ah ,

∂̇b∂aL = 2(Γiab + Γbai)ẋi(m2 − ϵh) − ϵ (g(ẋ, ẋ)∂̇b∂ah + 2(Γiajẋ
iẋj ∂̇bh + ẋb∂ah)) . (123)

Thus we find

ẋa∂a∂̇bL − ∂bL

= 2m2Γbijẋ
iẋj − ϵ (g(ẋ, ẋ)(ẋa∂a∂̇bh − ∂bh) + 2(ẋbẋ

a∂ah + ∂̇bhΓijkẋ
iẋjẋk + hΓbijẋ

iẋj)) . (124)

This term can be mulitplied with the inverse Finsler metric

gLqb(ẋa∂a∂̇bL − ∂bL)

= ( 1

m2
gqb + ϵ

m4
(gqbh + (ẋqgbc + ẋbgqc)∂̇ch +

1

2
g(ẋ, ẋ)gqcgbd∂̇c∂̇dh))

× (2m2Γbijẋ
iẋj − ϵ (g(ẋ, ẋ)(ẋa∂a∂̇bh − ∂bh) + 2(ẋbẋ

a∂ah + ∂̇bhΓijkẋ
iẋjẋk + hΓbijẋ

iẋj)))

= 2Γq
ijẋ

iẋj − ϵ

m2
(g(ẋ, ẋ)gqb(ẋa∂a∂̇bh − ∂bh − Γd

ijẋ
iẋj ∂̇d∂̇bh) + 2ẋqẋa(∂ah − Γc

ajẋ
j ∂̇ch)) .

(125)

Hence, the geodesic spray coefficients Gq are

2Gq = 1

2
(gLqb(ẋa∂a∂̇bL − ∂bL))

= Γq
ijẋ

iẋj − ϵ

2m2
(g(ẋ, ẋ)gqb(ẋa∂a∂̇bh − ∂bh − Γd

ijẋ
iẋj ∂̇d∂̇bh) + 2ẋqẋa(∂ah − Γc

ajẋ
j ∂̇ch)) ,

(126)
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and thus the geodesic equation can be written as

ẍq + Γq
ijẋ

iẋj = ϵ

2m2
(g(ẋ, ẋ)gqb(ẋa∂a∂̇bh − ∂bh − Γd

ijẋ
iẋj ∂̇d∂̇bh) + 2ẋqẋa(∂ah − Γc

ajẋ
j ∂̇ch)) .

(127)

This is the desired geodesic equation.

In Finsler Language, using the horizontal derivative, δa = ∂a−Γc
abẋb∂̇c, it can be rewritten

as

ẍq + Γq
ijẋ

iẋj = ϵ

2m2
(g(ẋ, ẋ)gqb(ẋaδa∂̇bh − Γc

bjẋ
j ∂̇ch − δbh) + 2ẋqẋaδah) (128)

This compact expression provides another central finding of this thesis. It is the La-

grangian analogue of the Hamiltonian first-order result (77). In order to see explicitly how

the two formulations compare, it is useful to first examine the simplest case of a linear

perturbation.

In general we know from [20] that, coming from a modified dispersion relation, h needs to

take the form

h(x, ẋ) = h(x, p̄(x, ẋ)) , p̄a =m
gab(x)ẋb

√
gij(x)ẋiẋj

=m∂̇a
√
gij(x)ẋiẋj =m∂̇aℓ . (129)

The last way of writing the momenta is very convenient when we derive the geodesic equation,

since

δaℓ = 0 , (130)

δbp̄a =mδb∂̇aℓ =mδb
gacẋc

ℓ
= m

ℓ
δb(gacẋc) = m

ℓ
ẋcΓcba = p̄cΓc

ba , (131)

∂̇bp̄a =m∂̇b∂̇aℓ =
m√

g(ẋ, ẋ)
(gab −

ẋaẋb

g(ẋ, ẋ)) (132)

Therefore, a modified dispersion relation with linear term in p

h(x, p) = Aa(x)pa⇒ h(x, ẋ) = h(x, p̄(x, ẋ)) =mAa(x) gab(x)ẋb

√
gij(x)ẋiẋj

=m g(A, ẋ)√
g(ẋ, ẋ)

. (133)

Alternatively we could also write

h(x, ẋ) = h(x, p̄(x, ẋ)) =mAa(x)∂̇aℓ(x, ẋ) . (134)
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For the geodesic equation we need some derivatives of h

δah = (δaAc)p̄c +Acδap̄c = ∂aAcp̄c +AcΓq
acp̄q = p̄c∇aA

c (135)

∂̇ah = Ac∂̇ap̄c =
m√

g(ẋ, ẋ)
Ac (gac −

ẋaẋc

g(ẋ, ẋ)) =
m

ℓ
Ac (gac −

p̄ap̄c
m2
) (136)

δb∂̇ah =
m

ℓ
δbA

c (gac −
p̄ap̄c
m2
) + m

ℓ
Ac (δbgac −

δbp̄ap̄c + p̄aδbp̄c
m2

)

= m

ℓ
∂bA

c (gac −
p̄ap̄c
m2
) + m

ℓ
Ac (Γabc + Γcba −

p̄dΓd
abp̄c + p̄ap̄dΓd

cb

m2
) . (137)

These terms can be combined to

ẋaδa∂̇bh − Γc
bjẋ

j ∂̇ch

= m

ℓ
(ẋa∂aA

c (gbc −
p̄bp̄c
m2
) +Acẋa (Γbac + Γcab −

p̄dΓd
abp̄c + p̄bp̄dΓd

ca

m2
) − Γc

bjẋ
jAd (gcd −

p̄cp̄d
m2
))

= m

ℓ
(ẋa∂aA

c (gbc −
ẋbẋc

ℓ2
) +Acẋa (Γbac −

p̄bp̄dΓd
ca

m2
))

= m

ℓ
(gbdẋa(∂aAd +AcΓd

ac) −
ẋap̄b
m2

p̄d(∂aAd +AcΓd
ca))

= m

ℓ
(gbd −

p̄bp̄d
m2
) ẋa∇aA

d . (138)

Hence the whole geodesic equation (128) becomes

ẍq + Γq
ijẋ

iẋj = ϵ

2m2
(g(ẋ, ẋ)gqbm

ℓ
(gbd −

p̄bp̄d
m2
) ẋa∇aA

d − g(ẋ, ẋ)gqbp̄c∇bA
c + 2ẋqẋap̄c∇aA

c)

= ϵ

2m2
(g(ẋ, ẋ)m

ℓ
(δqd −

p̄qp̄d
m2
) ẋa∇aA

d − g(ẋ, ẋ)gqbp̄c∇bA
c + 2ẋqẋap̄c∇aA

c)

= ϵ

2m2
(ℓm(δqd −

ẋqẋd

ℓ2
) ẋa∇aA

d −mℓgqbẋc∇bA
c + 2m

ℓ
ẋqẋaẋc∇aA

c)

= ϵ

2m
(ℓ (ẋa∇aA

q − gqbẋc∇bA
c) + 1

ℓ
ẋqẋaẋc∇aA

c)

= ϵ

2m
(ℓẋagqb (∇aAb −∇bAc) +

ẋq

ℓ
ẋaẋc∇aAc) . (139)

On first sight, this equation looks different compared to (79). However we can change the

parametrization τ → s(τ) so that

ẋ(s(τ)) = d

dτ
x(s(τ)) = dx

ds

ds

dτ
= x′ṡ ,

ẍ(s(τ)) = x′s̈ + x′′ṡ2 , (140)
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which turns the geodesic equation (139) to

x′′q + Γq
bcx
′bx′c = ϵ

m
(ℓ(x′)x′agqb (∇aAb −∇bAc)) + x′q (

ϵ

mℓ(x′)x
′cx′d∇cAd −

s̈

ṡ2
) . (141)

The last term vanishes if one choose a parametrization of the curve such that

s̈

ṡ2
= ϵ

mℓ(x′)x
′cx′d∇cAd , (142)

which that turns the geodesic equation closer to (79), which was given by

ẍq + Γq
ijẋ

iẋj = ϵẋpgab [∇pAa −∇aAp] . (143)

We see that geodesic equation of GR is reobtained in both cases if

ẋpgab [∇pAa −∇aAp] = 0 . (144)

In particular, if Aa = ∂aϕ, the antisymmetric term vanishes identically and the GR geodesic

equation is fully recovered, consistent with our discussion in the Hamiltonian formulation.

With the geodesic equation (128) in hand, we can practically derive all of the cases we

previously covered in the Hamiltonian framework. I have worked out the two cubic cases:

h = g(p, p)A(p) and A(p)3 and the more general case g(p, p)rA(p)s. In all th cases, the

resulting geodesic equations are quite similar to those derived in the Hamiltonian picture,

with the exception of an additional term that can be absorbed by curve reparametrization.

After performing these computations, I explicitly determined which reparametrizations are

required to achieve exact agreement with the Hamiltonian model. The computation details

are available in Appendix B.

A. For modified dispersion relations with a n-th order polynomial term in p

In this section, we take the example of when the perturbation function is taken to be an ar-

bitrary n-th order polynomial in the momenta. This example has already been worked out in

the Hamiltonian formalism, and to repeat it here in the Lagrangian framework is particularly

interesting. The calculation is noteworthy because it presents with a broad conclusion: the

Lagrangian and Hamiltonian pictures yield equivalent dynamics, with their only difference

being an additional term which can always be removed by reparametrization of the curve.
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In this sense, the distinction between the two formulations reflects a freedom of parametriza-

tion rather than a physical discrepancy. At the same time, the antisymmetric structure that

appears in the geodesic equation is not tied to the framework but is a characteristic feature

of first-order polynomial perturbations that are homogeneous in the momenta.

Now, we start with our derivation where the perturbation function

h(x, p) = ha1...an(x)pa1 ...pan ⇒ h(x, ẋ) = h(x, p̄(x, ẋ)) =mnha1...an(x) ẋa1 ...ẋan√
g(ẋ, ẋ)

n . (145)

For the geodesic equation we need some derivatives of h

δah = (∇ah
b1...bn)p̄b1 ...p̄bn

∂̇ah = nh(b1b2...bn)p̄2...p̄n∂̇ap̄b1 =
m n√
g(ẋ, ẋ)

h(b1b2...bn)p̄2...p̄n (gab1 −
ẋaẋb1

g(ẋ, ẋ))

δc∂̇ah =
m n√
g(ẋ, ẋ)

( ((δch(b1b2...bn))p̄2...p̄n + (n − 1)h(b1b2...bn)p̄2...δcp̄n)(gab1 −
ẋaẋb1

g(ẋ, ẋ))

+ h(b1b2...bn)p̄2...p̄nδc (gab1 −
ẋaẋb1

g(ẋ, ẋ))) (146)
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Evaluating the following expression:

ẋcδc∂̇ah − Γc
ajẋ

j ∂̇ch

= m n√
g(ẋ, ẋ)

[h(b1b2...bn)p̄2...p̄bn ẋcΓr
cb1 (gra −

ẋaẋr

g(ẋ, ẋ))

+ẋc ((∂ch(b1b2...bn))p̄2...p̄bn + (n − 1)h(b1b2...bn)p̄2...p̄rΓr
cbn)(gab1 −

ẋaẋb1

g(ẋ, ẋ)) ]

= m n√
g(ẋ, ẋ)

[h(b1b2...bn)p̄2...p̄bn ẋcΓr
cb1 (gra −

ẋaẋr

g(ẋ, ẋ))

+ẋc ((∂ch(b1b2...bn))p̄2...p̄bn + (n − 1)h(b1b2...r)p̄2...p̄bnΓbn
cr)(gab1 −

ẋaẋb1

g(ẋ, ẋ)) ]

= m n√
g(ẋ, ẋ)

[h(rb2..bn−1bn)Γd
cr (gda −

ẋaẋd

g(ẋ, ẋ))

+((∂ch(b1b2...bn)) + (n − 1)h(b1b2..bn−1r)Γbn
cr)(gab1 −

ẋaẋb1

g(ẋ, ẋ)) ]p̄2...p̄bnẋ
c

= m n√
g(ẋ, ẋ)

[h(rb2..bn−1bn)Γb1
cr (gb1a −

ẋaẋb1

g(ẋ, ẋ))

+((∂ch(b1b2...bn)) + (n − 1)h(b1b2..bn−1r)Γbn
cr)(gab1 −

ẋaẋb1

g(ẋ, ẋ)) ]p̄2...p̄bnẋ
c

= m n√
g(ẋ, ẋ)

[h(rb2..bn−1bn)Γb1
cr + ∂ch(b1b2...bn) + (n − 1)h(b1b2..bn−1r)Γbn

cr]p̄2...p̄bnẋc (gab1 −
ẋaẋb1

g(ẋ, ẋ))

= m n√
g(ẋ, ẋ)

ẋc∇ch
(b1...bn)p̄2...p̄bn (gab1 −

ẋaẋb1

g(ẋ, ẋ)) .

Then, the full geodesic equation becomes

ẍq + Γq
ijẋ

iẋj

= ϵ

2m2
(ℓ2gqa (m n

ℓ
ẋc∇ch

(b1...bn)p̄2...p̄bn (gab1 −
ẋaẋb1

ℓ2
) − (∇ah

b1...bn)p̄b1 ...p̄bn)

+ 2ẋqẋa(∇ah
b1...bn)p̄b1 ...p̄bn

= ϵ

2m2
(nẋc∇ch

(b1...bn)p̄2...p̄bn (mℓδqb1 − p̄b1ẋ
q) − ℓ2gqa(∇ah

b1...bn)p̄b1 ...p̄bn

+ 2ẋqẋa(∇ah
b1...bn)p̄b1 ...p̄bn

= ϵ

2m2
(nℓ2p̄b1∇b1h

(q...bn)p̄2...p̄bn − ℓ2gqa(∇ah
b1...bn)p̄b1 ...p̄bn + (2 − n)ẋqẋa(∇ah

b1...bn)p̄b1 ...p̄bn)

= ϵ

2m2
(ℓ2gqa (n∇b1h(a...bn) −∇ah(b1...bn)) + (2 − n)ẋqẋa(∇ahb1...bn)) p̄b1 ...p̄bn . (147)

So we can see that, in the Lagrangian picture, the derivation for the n-th order polynomial

perturbation leads to almost the same compact structure as in the Hamiltonian case (102)
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except for the last term. The antisymmetric term again appears universally, confirming that

this feature is not tied to the specific structure of the perturbation function or the framework,

but is a general consequence of first-order homogeneous perturbations in momenta. And once

again, all velocity terms can be extracted from the right-hand side, leaving only covariant

derivatives of the corresponding hb1b2...bn . This mirrors the structure already observed in the

Hamiltonian polynomial case, ensuring that the Lagrangian geodesic equation too remains

purely tensorial on the base manifold. The only difference we can see between the geodesic

equations is the presence of an additional contribution (2 − n)ẋqẋa(∇ahb1...bn)p̄b1 ...p̄bn which

is proportional to ẋq. This term is absent in the Hamiltonian formulation, but because it

is aligned with the velocity it can always be absorbed by a reparametrization of the curve.

Thus, the two approaches are dynamically equivalent, and any extra terms in the Lagrangian

result reflect nothing more than gauge freedom.

By substituting the explicit form of polynomial h(x, p) and the value of n into the n-

polynomial formula (147), we can in principle obtain exactly the same geodesic equation that

would result from a direct derivation in the Lagrangian picture using (128). In practice the

n-polynomial formula can make the calculation much simpler, since instead of going through

all the intermediate steps we only need to perform a more straightforward substitution at

time. For this reason, the n-polynomial formula serves as a ready-to-use expression whenever

one wants to test a specific perturbation function.

To check this, I first applied the formula to study the two cubic cases I studied earlier

in Lagrangian framework using the geodesic equation (128). The detailed calculations can

be found in B 4. In both the mixed cubic case h = g(p, p)A(p), and the pure cubic case

h = A(p)3, , the two methods give exactly the same geodesic equation as (B18) and(B10).

This provides a nice consistency check for this n-polynomial formula derivation.

I then turned to the string theory–inspired examples, such as h = (A ⋅p)n and h = (g(p, p)−
(A ⋅ p)2)N . For the first case, by substituting h = (A ⋅ p)n into (147), we find geodesic

equations that match those obtained in the Hamiltonian picture (A21), up to the usual

reparametrization freedom. In particular, the Aq term disappears when n = 1, but for higher
powers it persists, exactly as in the Hamiltonian case. The derivation can be found in

AppendixB 4 c

In the next section, I will give the calculation and theoretical motivation for the pertur-
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bation h = (g(p, p) − (A ⋅ p)2)N , as promised in the Hamiltonian picture discussion.

B. MDR for D-particle Backgrounds and Vacuum Refractive Indices

In this section, I will provide a brief theoretical motivation, following by the derivation

of the geodesic equation for the perturbation function h = (g(p, p) − (A ⋅ p)2)N . In the

Hamiltonian framework, we discussed this case but derived it using the general geodesic

equation rather than the nn-polynomial formula. Here, as previously indicated, we now

carry out the derivation with the polynomial formula, which provides insight into how such

calculations unfold for cases of this type.

In string/brane realizations of space-time foam, our 4-D world is a D3-brane moving

through a bulk populated by D-particle defects. Neutral open-string states (photons and

other Cartan excitations) can be temporarily captured by a D-particle and re-emitted; the

lifetime of the intermediate string grows with the incident energy, ∆t ∼ α′E [21]. This

leads to a subluminal, energy-dependent vacuum refractive index n(E) ≃ 1 + E/MQG, con-

sistent with time-lag data from MAGIC/HESS/Fermi and with the absence of birefringence;

charged states (e.g. electrons) do not couple at leading order, thereby evading synchrotron

bounds. Recoil of the D-particle during capture distorts the open-string metric and induces

a momentum-dependent (Finsler-like) background and non-commutative structure—features

that further modify dispersion but are suppressed by the (large) D-particle mass. Altogether,

the foam acts as a Lorentz-violating medium with a preferred four-velocity Aa (the average

recoil/rest frame of the defects), in which photon kinematics is controlled by the momentum

component transverse to Aa. This motivates encoding the modification in scalars built from

the projector orthogonal to Aa, e.g. p2
⊥
∝ gabpapb−(A⋅p)2, and, more generally, by polynomial

deformations (gabpapb − (A⋅p)2)
N
. Such terms vanish on the GR light cone yet capture the

stringy refractive effect when expanded to first order, while naturally accommodating the

selection rules (Cartan states affected, no birefringence) and the Finsler/non-commutative

imprints of D-particle recoil. These are exactly the phenomenological features extracted in

the Type-IIB D-foam analysis: linear energy-dependent time delays for photons, suppressed

recoil corrections, and a consistent mapping to gamma-ray constraints. Let
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h(x, p) = (gabpapb − (Aqpq)2)
N

= (habpapb)
N
, hab ∶= gab −AaAb. (148)

In this case, we need to insert n = 2N in the polynomial formula, and ∇chab = −Aa∇cAb −
Ab∇cAa

Let χ(x, p̄) ∶= habp̄ap̄b, p̄a = m
ℓ ẋ

a, ℓ2 = g(ẋ, ẋ).

∇ahb1...b2N p̄b1⋯p̄b2N = N χN−1 (∇ahbc) p̄bp̄c,

= −2N χN−1A(p̄)(p̄c∇aAc)

= −2N χ̄(ẋ)N−1 (mℓ A(ẋ))mℓ ∇aAcẋ
c. (149)

p̄b1⋯p̄b2N ∇̄b1hab2⋯b2N = χN−1 (∇bhac) p̄bp̄c + (N−1)χN−2 hacp̄c (∇bhrs) p̄bp̄rp̄s

= −χN−1[Aa(p̄b∇bAcp̄
c) +A(p̄)(p̄b∇bAa)]

− 2(N − 1)χN−2A(p̄)(p̄b∇bAsp̄
s)(gac −AaAc)p̄c.

= − χ̄(ẋ)N−1 [Aa(mℓ )
2

ẋb∇bAcẋ
c + (mℓ )

2

A(ẋ)(ẋb∇bAa)]

− 2(N − 1) χ̄(ẋ)N−2A(ẋ)(mℓ )
4

ẋb∇bAsẋ
s ẋa

+ 2(N − 1) (mℓ )
4

χ̄(ẋ)N−2 (A(ẋ))
2

ẋb∇bAsẋ
sAa. (150)

Plugging these into

RHS = ϵ

2m2
(ℓ2gqa((2N)∇̄b1h(a⋯) −∇ah(⋯)) + (2 − 2N)ẋqẋa∇ah(⋯))p̄b1⋯p̄b2N , (151)

RHS = ϵ

2m2

⎧⎪⎪⎨⎪⎪⎩
2N m2 χN−1 ẋb(A(ẋ) (∇qAb −∇bA

q) −Aq∇bAcẋ
c)

+ 4N(N − 1) (mℓ )
2

χ̄(ẋ)N−2A(ẋ)ẋqẋb∇bAsẋ
s(χ̄(ẋ) −m2)

+ 4N(N − 1) m4

ℓ2 χ̄(ẋ)
N−2 (A(ẋ))

2

ẋb∇bAsẋ
sAq. (152)



56

From Hamiltonian framework:

ẍa + Γa
bdẋ

dẋb = ϵ[N (14(g(ẋ, ẋ) −A(ẋ)2))
N−1 (A(ẋ)ẋb(∇aAb −∇bA

a) −Aaẋbẋm∇bAm)

+ 1
2N(N − 1) (14g(ẋ, ẋ) − 1

4A(ẋ)2)
N−2 (A(ẋ) ẋb ẋm (−ẋa +AaA(ẋ))∇bAm)]

(153)
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VIII. RESULTS AND DISCUSSION

This thesis set out to understand how modified dispersion relations (MDRs) affect the

motion of freely falling particles. The study was carried out in two complementary pictures.

We first worked entirely within the Hamiltonian framework, where point-particle disper-

sion relations appear as level sets of Hamilton functions H(x, p) defined on the cotangent

bundle T ∗M of spacetime. We began by deriving the geodesic equation for a general first-

order perturbation to the relativistic Hamiltonian, H(x, p) = g(p, p) + ϵ h(x, p) in srction V.

This expression (77) represents the most general result in the Hamiltonian picture. After ob-

taining this general form, we applied it to several explicit examples of perturbation functions

to see how different structures emerge in practice. These examples, motivated by various the-

oretical models such as linear, cubic terms in momenta, helped to reveal which types of terms

survive, cancel, or can be absorbed through reparametrization. Building on these observa-

tions, we then derived the homogeneous n-th-order polynomial formulation, which provides a

compact and unified expression encompassing all polynomial perturbations as special cases.

In the second part, we reformulated the same problem in the Lagrangian picture using the

Helmholtz action, which defines a Finsler-type “length” along worldlines. The Lagrangian

is constructed from the corresponding Finsler function, and its Euler–Lagrange equations

reproduce the Finsler geodesic equation. Using this general setup, we derived the modified

geodesic equation for a first-order perturbation directly in the Lagrangian framework and

then extended it to the n-polynomial case. From the derivation of the n-polynomial for-

mula in both frameworks, we see that the two expressions differ only by a term that can be

absorbed through a reparametrization of the curve. Based on this, we put forward a conjec-

ture that for any perturbation function that is a homogeneous polynomial in the momenta,

an antisymmetric structure of the form (∇mAa − ∇aAm) will always appear in the geodesic

equation. This is consistent with all the examples derived in this work, each of which can be

viewed as a special case of the homogeneous n-polynomial formulation. The antisymmetric

term vanishes when the background vector field is a gradient of a scalar function, Aa = ∂af ,
and when no additional structures, such as the free-index Aa term, are present. In those

cases, the modified trajectory reduces to the unperturbed geodesic up to a reparametriza-

tion. The same set of examples was analyzed in both frameworks, providing a consistent
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check of the results.

A detailed, step-by-step discussion of these findings is presented below.

We began by deriving the geodesic equation for the Hamiltonian H(x, p) = g(p, p) +
ϵ g(p, p)A(p) in section IV. The right-hand side of equation (64) depends only on the co-

variant derivatives of the background vector field, and all velocity terms (ẋ) can be factored

out, which means that we get a tensorial equation purely in the base manifold. This shows

that if the background field Aa is the gradient of a scalar function, Aa = ∂af , the antisym-

metric bracket (∇mAa − ∇aAm) vanishes. In that case, the modification disappears, leaving

only a term proportional to ẋa, which can be removed by reparametrization. The result-

ing trajectories coincide with those of general relativity—illustrating that certain MDRs can

reproduce standard geodesics up to a change of parameter. Moreover, the structure of the

modified geodesic equation closely mirrors the equation of motion for a charged particle in an

electromagnetic field on curved spacetime, which is particularly striking given that it arises

here from a quantum-gravity–motivated background rather than a gauge field.

Next, I considered a general first order perturbation H(x, p) = g(p, p)+ ϵ h(x, p) in section

V. Following the same steps used in the previous section, the modified geodesic equation

was obtained where the right-hand side naturally organizes into structures that would cancel

all non-covariant contributions involving Christoffel symbols mimic the action of covariant

derivatives. This formulation is powerful because it allows direct substitution of different

h(x, p) to see how modifications to the dispersion relation affect the geodesic equations.

As the first example I chose the case of a perturbation linear in the momenta, h = A(p)
(see V), the resulting geodesic correction (79) depended only on the covariant derivatives of

the background vector field Ad and the modification appeared in an antisymmetric structure

of the form ∇mAa − ∇aAm, which is exactly the same form of modification as we got for

h = g(p, p)A(p) (64) up to a parameterisation. This means that this geodesic equation turns

out to have exactly the same form in both cases, despite the fact that the corresponding

dispersion relations look very different in Minkowski spacetime (see equation (83)). Thus,

two apparently unrelated modifications—one linear in momenta and one cubic—lead to iden-

tical modification to the geodesic equations. Then I set, h = g(p, p)A(p) in (77) and found

exactly same geodesic equation (A7) as (64), which serves as a consistency check for (77)

. The situation changes when we consider a cubic perturbation of the form, h = [A(p)]3
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in section A2. In this case, the geodesic equation no longer collapses to the same form as

the earlier two examples. Instead, it contains an additional term carrying Afree-index. This

surviving term cannot be eliminated through simple reparametrization, and it represents a

qualitatively new constraint on the dynamics. Thus, although all three dispersion relations

are polynomial functions of the momentum, they do not all give rise to the same type of

geodesic modification. The first two are effectively equivalent modifications, while the cubic

case introduces genuinely new behavior.

To check this further, we derive the geodesic equation for the perturbation function h(x, p̄) =
(g(p̄, p̄))r, [A(p̄)]s. This case also generalizes the string-theory–inspired model h = [A(p̄)]n.
From the resulting geodesic equation, we observe that three different structures appear:

the antisymmetric structure (∇mAa − ∇aAm), the Afree-index term, and a term involving Aa.

Whether the Aa term survives depends on s, i.e. on the exponent of A(p), finally, contribu-
tions multiplied by ẋ term) that can be absorbed through a reparameterization of the curve

and do not alter the physical trajectory itself. We also derive the h = [A(p̄)]n case separately

in Appendix A 3. There we also see that the Aa term disappears when the power of A(p̄), n
is greater than one. This explains why the g(p, p)A(p) case and the linear A(p) case share

the same geodesic structure, while A(p̄)3 introduce genuinely new features that cannot be

removed through reparametrization.

I also examined the case h = (g(p̄, p̄) − [A(p̄)]2)N in section A4, which corresponds to the

modified dispersion relation describing D-particle backgrounds and vacuum refractive index

models. For this case also, one can again clearly identify the same three distinct features.

We then move on to the geodesic equation for a modified dispersion relation containing

an n-th order polynomial term homogeneous in the momenta in section VB. This derivation

encompasses all the previous examples as special cases. It not only reproduces the simpler

polynomial deformations but also unifies more complex string-inspired models, such as those

describing D-particle backgrounds and vacuum refractive indices. Later, in the Lagrangian

framework, we revisit this example and derive the geodesic equation using the n-polynomial

formula, finding that the results in both pictures are almost identical up to a reparametriza-

tion. This confirms that the compact n-polynomial formula captures the essential structure of

all homogeneous first-order perturbations. It also helps us understand why the antisymmetric

term (∇mAa −∇aAm) consistently appears in the geodesic equations we studied.
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Having established the general results in the Hamiltonian framework, we next move to the

Lagrangian formulation. The Helmholtz action is used to obtain the corresponding Finsler

function F (ẋ.ẋ) on the tangent bundle from H(x, p), which is related to the Lagrangian as

L = F 2. The Euler–Lagrange equations derived from this Lagrangian then take the form of

the Finsler geodesic equation, providing an equivalent description of the particle trajectories

in velocity space. Using this setup, we derive the modified geodesic equation for a first-order

perturbation directly within the Lagrangian picture. Having this general setup in hand, I

went through explicit examples within the Lagrangian formalism. I solved specifically both

the linear case h = A(p̄) in section VII and the cubic case h = g(p, p)A(p) in section B 2

and the more general g(p, p)rA(p)s case in section B 3, calculating their geodesic equations

via the Lagrangian geodesic formula. On initial inspection, the results seemed different from

the Hamiltonian calculations. But on closer inspection, it was seen that the extra terms in

the case of the Lagrangian are always parallel ẋa, which means they can be absorbed by

a reparametrization. And the geodesic action is reparameterization-invariant, and so the

geometry of the path is unchanged.

Using the geodesic equation (128), the n-polynomial formula for the geodesic equation in

the Lagrangian framework is derived in section VIIA and compared it to the corresponding

expression obtained in the Hamiltonian picture (102). The two formulations differ by a sin-

gle additional term proportional to ẋq, which is parallel to the velocity and can therefore be

absorbed by a reparametrization of the curve. Apart from this term, the n-polynomial expres-

sions in both frameworks matches structurally. Therefore, we reach the broad conclusion that

for any homogeneous n-th order polynomial perturbation, the Hamiltonian and Lagrangian

frameworks differ only by a gauge freedom associated with curve reparametrization. Using

the Lagrangian n-polynomial formula, I then derived the geodesic equations for some exam-

ples to do a consistency check. In particular, both cubic cases—h = g(p, p)A(p) in section

B 4 b and h = [A(p)]3 in section B 4 a, where I had already derived the geodesic equation for

them using equation (128). I also derive the geodesic equations for the string-theory–inspired

modifications A(p)n in section B 4 c and (g(p, p) − (A(p))2)N in section VIIB to show how

the calculation might look for more complex cases. All reproduce the same structures as in

the Hamiltonian framework once reparametrization freedom is taken into account.

At the end of this analysis, I would like to note that both the general geodesic equation
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for a first-order perturbation and the n-polynomial master formula in the Lagrangian picture

were originally derived by my supervisor, Dr. Christian Pfeifer, whose insights made this

extension and comparison possible.

To summerise, the most general result in this work is the geodesic equation derived for

a general first-order perturbation, H(x, p) = g(p, p) + ϵ h(x, p). The n-polynomial formula is

a specialization obtained when the perturbation function h(x, p) is assumed to be a homo-

geneous polynomial in the momenta. Across all homogeneous examples studied, we observe

that the antisymmetric structure (∇mAa − ∇aAm) always appears in the geodesic equation.

While we do not prove this in full generality here, this motivates the conjecture that such

an antisymmetric term in the geodesic equation is an inherent feature of all homogeneous

polynomial perturbations.

Outlook and future directions: The results presented here open several possible di-

rections for future work. A natural next step would be a full classification of the geodesic

equations obtained from different classes of Hamiltonians, similar to the classification schemes

known for α–β Finsler geometries. This would help clarify how various MDR-induced geome-

tries relate to established Finsler structures. Another promising route is to apply the general

framework developed here to compute explicit observable effects—such as redshift, lensing,

or time-delay corrections—in curved backgrounds beyond the simple examples discussed. For

the cases where h = ⋯A(p)n with n > 1, where the free-index term Aq survives, a natural

next step is to test the solvability of the resulting differential equation by setting the right

hand side of the the geodesic equation to zero; when solvable, one can solve it explicitly to

extract conditions on the background field Aa under which the motion reduces to the general

relativistic geodesics.

One important line of future work would be the systematic comparison between quantum-

gravity-motivated MDRs-induced deviations from geodesic motion and those due to classical

effects such as radiation-reaction or self-force. In the classical limit, force tensors such as

gravitational self-force or electromagnetic radiation-reaction terms (F µ
self, F µ

RR)—enter the

equations of motion and produce small but conceptually significant deviations from back-

ground geodesic. It is possible that a study into whether the non-geodesic motion being seen

is due in large part to Planck-scale quantum corrections, classical backreaction, or a combina-

tion of the two could give insight into the mechanisms behind these phenomena. Comparing
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the two would clarify physical motivations for deviations in the geodesic equation and might

offer observational techniques for distinguishing classical and quantum-gravity signatures in

future experiments [14] [13].
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APPENDIX

This appendix provides additional derivations and supporting computations complement-

ing the main text. While the overall discussion of the thesis focuses on conceptual devel-

opment and exposition of major results, following sections possess the full technical details

of certain intermediate steps along with certain explicit examples which helped to form the

train of reasoning.

We begin by computing the coordinate derivative of g(p, p) that we will repeatedly use

in the main text. The subsequent sections provide the complete derivations of the geodesic

equations for a variety of perturbation functions, initially in the Hamiltonian and then in the

Lagrangian formalisms. The results presented here are not considered as the main results

of the thesis but serve to clarify the sequence of calculations which determined the thesis’s

structure. All of the results derived here are referenced elsewhere in the main text, where

only their final forms were provided.

Now compute the coordinate derivative:

∂ag(p, p) = ∂agcdpcpd (154)

We know that

∇ag
cd = 0

⇒ ∂gcd

∂xa
+ gciΓd

ai + gdiΓc
ai = 0

⇒ ∂gcd

∂xa
= −(gciΓd

ai + gdiΓc
ai)

⇒ ∂gcd

∂xa
pcpd = −(gciΓd

aipcpd + gdiΓc
aipcpd) = 2piΓd

aipd

⇒ ∂ag(p, p) = −2pcΓd
acpd (155)

Appendix A: Hamiltonian Framework: Examples with Specific Perturbation

Functions

We here explicitly solve the geodesic equations for some specific perturbation functions

in the Hamiltonian framework. The derivation in all these cases follows from the general
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first-order perturbative geodesic equation (77) derived in the main text. The purpose here is

to show the application of the general formula to specific models. We begin with the mixed

cubic case h(x, p) = g(p, p)A(p) and A(p)3 and finally two string-theory–inspired models.

1. The geodesic equation for h(x, p) = g(p, p)A(p)

In this section, we derive the geodesic equation corresponding to h(x, p) = g(p, p)A(p) by
substituting this specific form of h into equation (77). Since the geodesic equation for this

perturbation function was already obtained in section IV, the present derivation serves as a

consistency check for equation (77). We begin with the choice of deformation function:

h(x, p) = (Aqpq) gmnpmpn (A1)

To derive the geodesic equation we compute the following derivatives:

The p derivative:

∂̄ah = Aa g(p, p) + 2A(p) ganpn

= Aa ⋅ 1
4
g(ẋ, ẋ) + 1

2
Aqẋ

q ganẋn

= 1

4
g(ẋ, ẋ)Aa + 1

2
A(ẋ) ẋa (A2)

The p derivative of equation(A2) is:

∂̄b∂̄ah = 2Aagbnpn + 2Abganpn + 2gab(Aqpq)

= Aagbnẋn +Abganẋn + gabAqẋ
q

= Aaẋb +Abẋa + gabA(ẋ) (A3)

The x derivative of equation(A2):

∂b∂̄
ah = ∂b (Aag(p, p)) + ∂b (A(p)ganpn)

= (∇bA
a − Γa

bdA
d) g(p, p) − 2Aa pcΓd

bcpd

+ 2 [pd (∇bA
d − Γd

bcA
c)] ganpn − 2A(p) (Γa

bmg
mn + Γn

bmg
am)pn (A4)

Substituting pa = 1
2 ẋ

a, g(p, p) = 1
4g(ẋ, ẋ), and Aqpq = 1

2Aqẋq, we obtain:

∂b∂̄
ah = 1

4
g(ẋ, ẋ) (∇bA

a − Γa
bdA

d) − 1

2
Aa ẋc Γd

bcẋd

+ 1

2
ẋd (∇bA

d − Γd
bcA

c) ẋa − 1

2
A(ẋ)Γa

bmẋ
m − 1

2
A(ẋ)Γn

bmg
amẋn (A5)
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And the x derivative of h is:

∂bh =
1

8
g(ẋ, ẋ) ẋq∇bA

q − 1

8
g(ẋ, ẋ)Ad ẋq Γ

q
bd −

1

4
Am ẋm ẋc Γd

bc ẋd (A6)

We now substitute these components into the modified geodesic equation(77), and the

right hand side of the geodesic equation simplifies to:

ẍa + Γa
bdẋ

dẋb = ϵ [−1
4
g(ẋ, ẋ) ẋm∇aAm +

1

4
g(ẋ, ẋ) ẋb∇bA

a + 1

2
ẋaẋdẋb∇bAd]

= ϵ

4
ẋb (g(ẋ, ẋ)(∇bA

a −∇aAb) + 2ẋaẋdẋb∇bAd)

(A7)

Therefore, we get the exact same equation (64).

2. The geodesic equation for h = [A(p)]3

In this section, we investigate the geodesic equation corresponding to the perturbation

function

h = (Aqpq)(Ampm)(Anpn) = [A(p)]3

This calculation is carried out to understand why the linear case h = A(p) and the mixed

cubic case h = g(p, p)A(p) lead to identical geodesic structures, and to test whether this

similarity extends to the purely cubic case as well. By doing so, we aim to identify whether

the antisymmetric structure observed in the previous cases continues to appear here, or if

new geometric features emerge.

To derive the geodesic equation we compute the following derivatives of h:

The p derivative:

∂̄ah = ∂h

∂pa
= 3(Aqpq)2Aa

= 3(1
2
Aqẋ

q)
2

Aa = 3

4
A(ẋ)2Aa (A8)
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The x derivative:

∂bh =
∂h

∂xb
= 3(Aqpq)2 (pm∇bA

m −AmΓn
bmpn)

= 3(1
2
Aqẋ

q)
2

(1
2
ẋm∇bA

m − 1

2
AmΓn

bmẋn)

= 3

4
A(ẋ)2 (1

2
ẋm∇bA

m − 1

2
AmΓn

bmẋn)

= 3

8
A(ẋ)2 (ẋm∇bA

m −AmΓn
bmẋn) (A9)

The p derivative of ∂̄ah:

∂̄b∂̄ah = ∂

∂pb
( ∂h
∂pa
) = ∂

∂pb
(3(Aqpq)2Aa)

= 6(Aqpq)AaAb

= 6(1
2
Aqẋ

q)AaAb = 3A(ẋ)AaAb (A10)

the x derivative of ∂̄ah:

∂b∂̄
ah = ∂b (3(Aqpq)2Aa)

= 6(Aqpq) (pm∇bA
m −AmΓn

bmpn)Aa + 3(Aqpq)2 (∇bA
a − Γa

bdA
d)

= 6(1
2
Aqẋ

q)(1
2
ẋm∇bA

m − 1

2
AmΓn

bmẋn)Aa + 3(1
2
Aqẋ

q)
2

(∇bA
a − Γa

bdA
d)

= 3

2
A(ẋ) (ẋm∇bA

m −AmΓn
bmẋn)Aa + 3

4
A(ẋ)2 (∇bA

a − Γa
bdA

d) (A11)

Finally, substituting these expressions into equation(77), the first part becomes:

−gab (2∂bh + ẋdΓ
d
bc∂̄

ch) = −gab (2 ⋅ 3
8
A(ẋ)2 (ẋm∇bA

m −AmΓn
bmẋn) + ẋdΓ

d
bc ⋅

3

4
A(ẋ)2Ac)

= −gab (3
4
A(ẋ)2 (ẋm∇bA

m −AmΓn
bmẋn) +

3

4
A(ẋ)2ẋdΓ

d
bcA

c)

= −3
4
A(ẋ)2gab (ẋm∇bA

m) (A12)
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The second part:

ẋb∂b∂̄
ah + 1

2
ẋcẋdΓdbc∂̄

b∂̄ah + ẋbΓa
bd∂̄

dh

= ẋb [3
2
A(ẋ) (ẋm∇bA

m −AmΓn
bmẋn)Aa + 3

4
A(ẋ)2 (∇bA

a − Γa
bdA

d)]

+ 1

2
ẋcẋdΓdbc ⋅ 3A(ẋ)AbAa + ẋbΓa

bd ⋅
3

4
A(ẋ)2Ad

= 3

2
A(ẋ)ẋbẋm∇bA

mAa − 3

2
A(ẋ)ẋbAmΓn

bmẋnA
a + 3

4
A(ẋ)2ẋb∇bA

a − 3

4
A(ẋ)2ẋbΓa

bdA
d

+ 3

2
A(ẋ)ẋcẋdΓdbcA

bAa + 3

4
A(ẋ)2ẋbΓa

bdA
d

= 3

2
A(ẋ)ẋbẋm∇bA

mAa + 3

4
A(ẋ)2ẋb∇bA

a (A13)

Therefore, the geodesic equation,

ẍa + Γa
bdẋ

dẋb = −3
4
A(ẋ)2gabẋm∇bA

m + 3

2
A(ẋ) ẋbẋm∇bA

mAa + 3

4
A(ẋ)2 ẋb∇bA

a

= 3

4
(A ⋅ ẋ) ẋm((A ⋅ ẋ)(∇mA

a −∇aAm) + 2Aaẋd∇dAm) (A14)

3. The geodesic equation for for Microscopic Recoil Model

In this section, I derive the geodesic equation from the modified dispersion relation for the

string-inspired microscopic recoil model. This is a special case of the perturbation function

h(x, p) = (gbc(x)pbpc)
k (Ad(x)pd)

r
which we had derived in the main text VA. In the bottom

part of that section, the theoretical motivation of this model can be found. We begin by

taking so derivatives of the perturbation function for the geodesic equation

h = (Aqpq)N =
N

∏
i=1

Aaipai

∂̄ah = ∂h

∂pa
= N (Aqpq)N−1Aa

= N (1
2
Aqẋ

q)
N−1

Aa = N

2N−1
A(ẋ)N−1Aa (A15)

∂bh =
∂h

∂xb
= N (Aqpq)N−1 (pm∇bA

m −AmΓn
bmpn)

= N (1
2
Aqẋ

q)
N−1

(1
2
ẋm∇bA

m − 1

2
AmΓn

bmẋn)

= N

2N
A(ẋ)N−1 (ẋm∇bA

m −AmΓn
bmẋn) (A16)
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∂̄b∂̄ah = ∂

∂pb
(∂̄ah) = ∂

∂pb
(N (Aqpq)N−1Aa)

= N(N − 1) (Aqpq)N−2AaAb = N(N − 1)
2N−2

A(ẋ)N−2AaAb (A17)

∂b∂̄
ah = ∂b (∂̄ah) = ∂b (

N

2N−1
A(ẋ)N−1Aa)

= N

2N−1
[∂b (A(ẋ)N−1)Aa +A(ẋ)N−1∂bAa]

= N

2N−1
[(N − 1)A(ẋ)N−2 (ẋm∇bA

m −AmΓn
bmẋn)Aa +A(ẋ)N−1 (∇bA

a − Γa
bcA

c)]

= N

2N−1
A(ẋ)N−2 [(N − 1)Aa (ẋm∇bA

m −AmΓn
bmẋn) +A(ẋ) (∇bA

a − Γa
bcA

c)] (A18)

Now evaluating the bracketed expressions for the geodesic equation

gab (2∂bh + ẋd Γ
d
bc ∂̄

ch) = gab [2 ⋅ N
2N

A(ẋ)N−1 (ẋm∇bA
m −AmΓn

bmẋn) + ẋdΓ
d
bc ⋅

N

2N−1
A(ẋ)N−1Ac]

= N

2N−1
A(ẋ)N−1 [gabẋm∇bA

m − gabAmΓn
bmẋn + gabẋdΓ

d
bcA

c]

= N

2N−1
A(ẋ)N−1 [gabẋm∇bA

m −AmẋnΓnm
a + ẋdAcΓdc

a]

= N

2N−1
A(ẋ)N−1gabẋm∇bA

m (A19)

ẋb∂b∂̄
ah + 1

2
ẋcẋdΓdbc∂̄

b∂̄ah + ẋbΓa
bd∂̄

dh

= N

2N−1
A(ẋ)N−2

⎡⎢⎢⎢⎢⎣
(N − 1)Aaẋb (ẋm∇bAm −AmΓnbmẋ

n) +A(ẋ)ẋb (∇bA
a − Γa

bcA
c)

+ (N − 1)AaAbẋcẋdΓdbc +A(ẋ)ẋbΓa
bdA

d

⎤⎥⎥⎥⎥⎦

= N

2N−1
A(ẋ)N−2

⎡⎢⎢⎢⎢⎣
(N − 1)Aaẋbẋm∇bAm +A(ẋ)ẋb∇bA

a

⎤⎥⎥⎥⎥⎦
(A20)
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Then from the geodesic equation 77

ẍa + Γa
bdẋ

dẋb = ϵ[ − gab (2∂bh + ẋdΓ
d
bc∂̄

ch) + (ẋb∂b∂̄
ah + 1

2
ẋcẋdΓdbc∂̄

b∂̄ah + ẋbΓa
bd∂̄

dh)]

= ϵ[ − N

2N−1
A(ẋ)N−1gabẋm∇bA

m+

N

2N−1
A(ẋ)N−2

⎛
⎝
(N − 1)Aaẋbẋm∇bAm +A(ẋ)ẋb∇bA

a
⎞
⎠
]

= ϵ N

2N−1
A(ẋ)N−1[ − ẋm∇aAm +A(ẋ)−1(N − 1)Aaẋbẋm∇bAm + ẋm∇mA

a]

= ϵ N

2N−1
A(ẋ)N−1ẋm[gab(∇mAb −∇bAm) +

(N − 1)Aaẋb

A(ẋ) ∇bAm] (A21)

To check the consistency of this general formula, We can substitute N= 3 in equation(A21),

and we see that we get the exact same expression as A14.

4. MDR for D-particle Backgrounds and Vacuum Refractive Indices

To explore the dynamical consequences of this string-inspired MDR, we now derive the

corresponding geodesic equation by inserting h = (gabpapb − (Aqpq)2)
N

into the general first-

order perturbative framework (77). The theoretical motivation of this model can be found

in VIIB We start by taking the following derivatives of the perturbation function for the

geodesic equation:

h = (gabpapb − (Aqpq)2)
N

∂̄ah = ∂h

∂pa
= N (gmnpmpn − (Aqpq)2)

N−1 (2gabpb − 2AaAqpq)

= N (14g(ẋ, ẋ) − 1
4A(ẋ)2)

N−1 (2 gab ⋅ 12 ẋb − 2Aa ⋅ 12A(ẋ))

= N (14(g(ẋ, ẋ) −A(ẋ)2))
N−1 (ẋa −AaA(ẋ)) . (A22)
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∂̄b∂̄ah = ∂2h

∂pb∂pa

= N(N − 1) (gmnpmpn − (Aqpq)2)
N−2 (2gacpc − 2AaAqpq) (2gbdpd − 2AbArpr)

+N (gmnpmpn − (Aqpq)2)
N−1 (2gab − 2AaAb)

= N(N − 1) (14g(ẋ, ẋ) − 1
4A(ẋ)2)

N−2 (ẋa −AaA(ẋ)) (ẋb −AbA(ẋ))

+N (14(g(ẋ, ẋ) −A(ẋ)2))
N−1 (2gab − 2AaAb) (A23)

∂bh = N (gmnpmpn − (Aqpq)2)
N−1 (∂bgmnpmpn − 2Aqpq ⋅ ∂bArpr)

= N (gmnpmpn − (Aqpq)2)
N−1 (−2pcΓd

bcpd − 2A(p) [pr∇bA
r − prΓr

bqA
q])

= N (14g(ẋ, ẋ) − 1
4A(ẋ)2)

N−1 (−2 ⋅ 12 ẋc Γd
bc ⋅ 12 ẋd − 2 ⋅ 12A(ẋ) ⋅ [12 ẋr∇bA

r − 1
2 ẋrΓ

r
bqA

q])

= N (14(g(ẋ, ẋ) −A(ẋ)2))
N−1 (−1

2 ẋ
cΓd

bcẋd − 1
2A(ẋ) [ẋr∇bA

r − ẋrΓ
r
bqA

q]) (A24)

∂b∂̄
ah = ∂b{N(g(p, p) − (Aqpq)2)

N−1 (2gacpc − 2AaA(p))}

= N(N − 1)(g(p, p) −A(p)2)N−2 ∂b(g(p, p) −A(p)2)(2gacpc − 2AaA(p))

+N(g(p, p) −A(p)2)N−1 (2(∂bgac)pc − 2(∂bAa)A(p) − 2Aa∂bA(p))

= N(N − 1)(14g(ẋ, ẋ) − 1
4A(ẋ)2)

N−2 (−1
2 ẋ

cΓd
bcẋd − 1

2 A(ẋ)[ẋm∇bAm − ẋmΓn
bmAn])

⋅ (gacẋc −AaA(ẋ))

+N(14(g(ẋ, ẋ) −A(ẋ)2))
N−1 ( − (gicΓa

bi + gajΓc
bj)ẋc − (∇bA

a − Γa
bcA

c)A(ẋ)

−Aa[ẋm∇bAm − ẋmΓn
bmAn]). (A25)
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Now, evaluating the bracketed expressions for the geodesic equation (77)

− gab (2∂bh + ẋd Γ
d
bc ∂̄

ch)

− gab [2N (14(g(ẋ, ẋ) −A(ẋ)2))
N−1 (−1

2 ẋ
cΓd

bcẋd − 1
2A(ẋ)ẋr∇bA

r + 1
2A(ẋ)ẋrΓ

r
bqA

q)

+ẋdΓ
d
bc ⋅N (14(g(ẋ, ẋ) −A(ẋ)2))

N−1 (ẋc −AcA(ẋ))]

= −gab ⋅N (14(g(ẋ, ẋ) −A(ẋ)2))
N−1 ⋅ [−ẋcΓd

bcẋd −A(ẋ)ẋr∇bA
r +A(ẋ)ẋrΓ

r
bqA

q + ẋdΓ
d
bcẋ

c

− ẋdΓ
d
bcA

cA(ẋ)

= gab ⋅N (14(g(ẋ, ẋ) −A(ẋ)2))
N−1

A(ẋ)ẋr∇bA
r

= N (14(g(ẋ, ẋ) −A(ẋ)2))
N−1

A(ẋ)ẋr∇aAr (A26)

The second one:

ẋb∂b∂̄
ah + 1

2
ẋcẋdΓdbc∂̄

b∂̄ah + ẋbΓa
bd∂̄

dh

= 1
2N(N − 1) (14g(ẋ, ẋ) − 1

4A(ẋ)2)
N−2
⎡⎢⎢⎢⎢⎣
− ẋbẋaẋcΓd

bcẋd +AaA(ẋ) ẋbẋcΓd
bcẋd

−A(ẋ) ẋbẋaẋm (∇bAm − Γn
bmAn) +AaA(ẋ)2 ẋbẋm (∇bAm − Γn

bmAn)

+ ẋbẋaẋcẋdΓdbc −AaA(ẋ) ẋbẋcẋdΓdbc −AbA(ẋ) ẋaẋcẋdΓdbc +AaAbA(ẋ)2 ẋcẋdΓdbc

⎤⎥⎥⎥⎥⎦

+N (14(g(ẋ, ẋ) −A(ẋ)2))
N−1 ⎛
⎝
ẋcẋdΓdc

a −AaAb ẋcẋdΓdbc + ẋdẋbΓa
bd −AdA(ẋ) ẋbΓa

bd

− (ẋbẋiΓa
bi + ẋbẋcΓcb

a) − (∇bA
a − Γa

bcA
c) ẋbA(ẋ) −Aaẋb (ẋm∇bAm − ẋmΓn

bmAn)
⎞
⎠

= 1
2N(N − 1) (14g(ẋ, ẋ) − 1

4A(ẋ)2)
N−2 ( −A(ẋ) ẋbẋaẋm∇bAm +AaA(ẋ)2 ẋbẋm∇bAm)

−N (14(g(ẋ, ẋ) −A(ẋ)2))
N−1 (ẋbA(ẋ)∇bA

a +Aaẋbẋm∇bAm). (A27)
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Therefore, the geodesic equation(77) becomes,

ẍa + Γa
bdẋ

dẋb = ϵ[N (14(g(ẋ, ẋ) −A(ẋ)2))
N−1

A(ẋ)ẋr∇aAr

+ 1
2N(N − 1) (14g(ẋ, ẋ) − 1

4A(ẋ)2)
N−2 ( −A(ẋ)ẋbẋaẋm∇bAm +AaA(ẋ)2ẋbẋm∇bAm)

−N (14(g(ẋ, ẋ) −A(ẋ)2))
N−1 (ẋbA(ẋ)∇bA

a +Aaẋbẋm∇bAm)]

= ϵ[N (14(g(ẋ, ẋ) −A(ẋ)2))
N−1 (A(ẋ)ẋb(∇aAb −∇bA

a) −Aaẋbẋm∇bAm)

+ 1
2N(N − 1) (14g(ẋ, ẋ) − 1

4A(ẋ)2)
N−2 (A(ẋ) ẋb ẋm (−ẋa +AaA(ẋ))∇bAm)]

(A28)

Appendix B: Lagrangian Framework: Examples with Specific Perturbation Functions

In this section, I evaluate the geodesic equation for most of the examples that we did

in the Hamiltonian framework, and I do so using the geodesic equation developed in the

Lagrangian framework for a general first-order perturbation (128). The procedure involves

computing the required derivatives of the perturbation function and substituting them into

the general expression (128). Later, we derive the n-polynomial formula from this equation

and would recompute some of the examples that we had derived using (128) which would

serve as a consistency check for the n-polynomial formula. Then, I would use (147) to obtain

the geodesic equations for the remaining perturbation functions discussed in the subsequent

examples.

1. The geodesic equation for h = [A(p)]3

We begin with the perturbation function:

h(x, p) = (Aq(x)pq)
3 ⇒ h(x, ẋ) = (Aq(x) p̄q(x, ẋ))

3
, (B1)

with

p̄a =m
gab(x)ẋb

ℓ
, ℓ =

√
gij(x)ẋiẋj. (B2)
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The geodesic equation:

ẍq + Γq
ijẋ

iẋj = ϵ

2m2
(g(ẋ, ẋ)gqb(ẋaδa∂̇bh − Γc

bjẋ
j ∂̇ch − δbh) + 2ẋqẋaδah) (B3)

First,

δah = 3(Aqp̄q)2 δa(Acp̄c)

= 3(Aqp̄q)2(p̄c∇aA
c) (B4)

Next,

∂̇bh = 3(Aqp̄q)2Ac∂̇bp̄c

= 3(Aqp̄q)2Ac (m
ℓ
(gcb −

ẋcẋb

ℓ2
)) . (B5)

For the mixed derivative we compute

δa∂̇bh = 3(Aqp̄q)2[
m

ℓ
∂aA

c (gbc −
p̄bp̄c
m2
) + m

ℓ
Ac (Γbac + Γcab −

p̄dΓd
abp̄c + p̄bp̄dΓd

ac

m2
) ]

+ 6(Aqp̄q) (δa(Arp̄r))Ac (m
ℓ
(gcb −

ẋcẋb

ℓ2
))

= 3(Aqp̄q)2[
m

ℓ
∂aA

c (gbc −
ẋbẋc

ℓ2
) + m

ℓ
Ac (Γbac + Γcab −

ẋdΓd
abẋc + ẋbẋdΓd

ac

ℓ2
) ]

+ 6m
2

ℓ2
(Aqẋ

q) (ẋr∇aA
r)Ac (m

ℓ
(gcb −

ẋcẋb

ℓ2
)) (B6)

These terms can be combined into

ẋaδa∂̇bh − Γc
bjẋ

j ∂̇ch

= 3m
2

ℓ2
(A(ẋ))2 ẋa

⎡⎢⎢⎢⎢⎣

m

ℓ
∂aA

c (gbc −
ẋbẋc

ℓ2
) + m

ℓ
Ac (Γbac + Γcab −

ẋdΓd
abẋc + ẋbẋdΓd

ac

ℓ2
)
⎤⎥⎥⎥⎥⎦

+ 6m
2

ℓ2
(A(ẋ)) (ẋr∇aA

r)Ac ẋa (m
ℓ
(gbc −

ẋbẋc

ℓ2
))

− Γc
bjẋ

j [3m
2

ℓ2
(A(ẋ))2Am (m

ℓ
(gcm −

ẋmẋc

ℓ2
))]

= 3m
3

ℓ3
(A(ẋ))2 (gbc −

ẋbẋc

ℓ2
) ẋa∇aA

c + 6m
3

ℓ3
(A(ẋ)) (ẋr∇aA

r) ẋa (gbc −
ẋbẋc

ℓ2
)Ac (B7)
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Hence the whole geodesic equation (128) becomes

ẍq + Γq
ijẋ

iẋj = ϵ

2m2
(g(ẋ, ẋ)gqb[3m

3

ℓ3
(A(ẋ))2 (gbc −

ẋbẋc

ℓ2
) ẋa∇aA

c (B8)

+ 6m
3

ℓ3
(A(ẋ)) (ẋr∇aA

r)ẋa (gbc −
ẋbẋc

ℓ2
)Ac (B9)

− 3m
3

ℓ3
(A(ẋ))2 (ẋc∇bA

c)] + 6ẋqẋa ⋅ m
3

ℓ3
(A(ẋ))2 (ẋc∇aA

c))

= ϵm

2ℓ
{3(A(ẋ))2 ẋa(∇aA

q −∇ qAa) + 6(A(ẋ)) (ẋr∇aA
r)ẋa(Aq − (A(ẋ))

ℓ2
ẋq)

+ 3 (A(ẋ))
2

ℓ2
ẋqẋaẋc∇aA

c}

= ϵm

2ℓ
{3(A(ẋ))2 ẋa(∇aA

q −∇ qAa) + 6(A(ẋ)) ẋaẋr∇aArA
q − 3 (A(ẋ))

2

ℓ2
ẋq ẋaẋk∇aAk}

(B10)

In the Hamiltonian picture, the geodesic equation we had obtained was

ẍa + Γa
bdẋ

dẋb = 3

4
(A ⋅ ẋ) ẋm((A ⋅ ẋ)(∇mA

a −∇aAm) + 2Aaẋd∇dAm) (B11)

Although at first glance it looks a bit different than (B10), we can change the parametrisation

τ → s(τ) so that

ẋ(s(τ)) = d

dτ
x(s(τ)) = dx

ds

ds

dτ
= x′ṡ ,

ẍ(s(τ)) = x′s̈ + x′′ṡ2 , (B12)

which turns the geodesic equation to

x′′q + Γq
ijx
′ix′j = 3

2
⋅ ϵm
ℓ
((A ⋅ x′)2 x′k(∇kA

q −∇ qAk)) + 2Aq (A ⋅ x′)x′c x′b∇bAc)

− x′q(3
2

ϵm

ℓ3
x′a(A ⋅ x′)2 (∇aAk)x′k +

s̈

ṡ2
)

(B13)

The last term vanishes if one choose a parametrization of the curve such that

s̈

ṡ2
= −3

2

ϵm

ℓ3
x′a(A ⋅ x′)2 (∇aAk)x′k , (B14)

which that turns the geodesic equation closer to the one we get using Hamiltonian framework.

We see that geodesic equation of GR is re-obtained in both cases if

((A ⋅ ẋ)(∇mA
a −∇aAm) + 2Aaẋd∇dAm) = 0 . (B15)
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2. The geodesic equation for h(x, p) = g(p, p)A(p)

We start by taking some derivatives of the perturbation function and then inserting them

in equation (128)

h = g(p̄, p̄)A(p̄)

h(x, ẋ) = m3

ℓ
Ab(x) ẋb

∂̇bh =
∂

∂ẋb
(m

3

ℓ
Aq ẋ

q) = m3

ℓ
(Ab −

(Aqẋq) ẋb

ℓ2
)

δah =m2 pq∇aA
q =m3 ẋq

ℓ
∇aA

q.

δa∂̇bh =
m3

ℓ
[∂aAb −

ẋb ẋk

ℓ2
∇aAk −

A⋅ẋ
ℓ2

Γcab ẋ
c] . (B16)

Evaluating the following expression:

ẋaδa∂̇bh − Γc
bjẋ

j ∂̇ch =
m3

ℓ
[ẋa∇aAb −

ẋb

ℓ2
ẋaẋk∇aAk] (B17)

Substituting everything in (128):

ẍq + Γq
ijẋ

iẋj = ϵ

2m2

m3

ℓ
[ℓ2 ẋa∇aA

q − ℓ2 ẋa∇ qAa − ẋq ẋaẋk∇bAk + 2ẋq ẋaẋb∇aAb]

= ϵ

2m2

m3

ℓ
[ℓ2(ẋa∇aA

q − ẋa∇ qAa) + ẋq ẋaẋk∇aAk]

= ϵ

2m2

m3

ℓ
ẋa[ℓ2(∇aA

q −∇ qAa) + ẋq ẋk∇aAk]

= ϵm

2 ℓ
ẋa[(∇aA

q −∇ qAa) + ẋq ẋk∇aAk] (B18)

which has a very similar expression to the one we had obtained in the Hamiltonian picture

(A7) except for the last term which can be absorbed by reparameterization anyway.

We can re-parameterize from τ → s(τ) so that we re-obtain the Hamiltonian picture

geodesic equation, where s(τ) has to satify

s̈/ṡ2 = ϵm

2ℓ
ẋaẋk∇aAk

This means GR geodesic is re-obtained whenever ẋagqb(∇aAb −∇bAa) = 0.
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3. The geodesic equation for g(p, p)rA(p)s

In this section I derive the geodesic equation for the perturbation function h(x, p) =
(gbc(x)pbpc)

r (Ad(x)pd)
s
, where

p̄b =
m

ℓ
, gbcẋ

c, ℓ2 = g(ẋ, ẋ), A(p) ∶= Acp̄c =
m

ℓ
Acẋ

c (B19)

. and to do this using equation (128), we need the following derivatives of the perturbation

function:

∂̇bh =m2r s [A(p)]s−1 ∂̇bA(p) (B20)

δbh =m2r s [A(p)]s−1 δbA(p) (B21)

δa∂̇bh =m2r[s [A(p)]s−1 δa∂̇bA(p) + s(s − 1) [A(p)]s−2 (δaA(p))(∂̇bA(p))] .

The expressions for the derivatives of A(p), can be substituted from equation (135). After

substitution these derivatives have the following expression:

∂̇bh =m2r s [A(ẋ)] s−1 m
ℓ
(Ab −

A(ẋ)
ℓ2

ẋb)

δah =m2r s [A(ẋ)] s−1 m
ℓ
ẋe∇aAe

δa∂̇bh =m2r+1 s

ℓ
[A(ẋ)]s−1

⎡⎢⎢⎢⎢⎣
∂aA

c(gbc −
ẋbẋc

ℓ2
) +Ac(Γabc + Γcab −

1

ℓ2
(ẋdΓ

d
abẋc + ẋdΓ

d
caẋb))

⎤⎥⎥⎥⎥⎦

+m2r+2 s(s − 1)
ℓ2

[A(ẋ)]s−2 (ẋe∇aAe)(Ab −
A(ẋ)
ℓ2

ẋb) . (B22)

Evaluating the following expression:

ẋaδa∂̇bh − Γc
bjẋ

j ∂̇ch =m2r+1 s

ℓ
[A(ẋ)]s−1 (ẋa∇aAb −

1

ℓ2
ẋbẋ

aẋe∇aAe)

+m2r+2 s(s − 1)
ℓ2

[A(ẋ)]s−2(ẋa∇aAeẋ
e)(Ab −

A(ẋ)
ℓ2

gbf ẋ
f) . (B23)

Substituting everything in (128),

ẍq + Γq
ijẋ

iẋj = ϵ

2m2
m2r+1 s

ℓ
[A(ẋ)]s−1

⎧⎪⎪⎨⎪⎪⎩
g(ẋ, ẋ) gqb[(ẋa∇aAb −

1

ℓ2
ẋb ẋ

aẋe∇aAe)

+ m

ℓ
(s − 1)[A(ẋ)]−1(ẋa∇aAeẋ

e)(Ab −
A(ẋ)
ℓ2

gbf ẋ
f) − ẋe∇bAe] + 2 ẋqẋaẋe∇aAe

⎫⎪⎪⎬⎪⎪⎭
= ϵ

2m2
m2r+1 s

ℓ
[A(ẋ)]s−1 { ℓ2 ẋa(∇aA

q −∇qAa) + (mℓ) (s − 1) [A(ẋ)]−1 (ẋaẋe∇aAe)Aq

+ [ ẋaẋe∇aAe − (s − 1)
m

ℓ
ẋaẋe∇aAe]ẋq}. (B24)
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On first sight, this equation looks different compared to (91). However we can change the

parametrization τ → s(τ) so that

ẋ(s(τ)) = d

dτ
x(s(τ)) = dx

ds

ds

dτ
= x′ṡ ,

ẍ(s(τ)) = x′s̈ + x′′ṡ2 , (B25)

which turns the geodesic equation to

x′′q + Γq
bcx
′bx′c = ϵ

2m2
m2r+1 s

ℓ
[A(ẋ′)]s−1

⎧⎪⎪⎨⎪⎪⎩
ℓ2 x′a (∇aA

q −∇qAa)

+ ((mℓ))(s − 1)[A(x′)]−1 (x′ax′e∇aAe)Aq

⎫⎪⎪⎬⎪⎪⎭

+ x′q
⎡⎢⎢⎢⎢⎣

ϵ

2m2
m2r+1 s

ℓ
[A(ẋ′)]s−1(x′ax′e∇aAe − (s − 1)

m

ℓ
(x′ax′e∇aAe) −

s̈

ṡ2

⎤⎥⎥⎥⎥⎦
(B26)

The last term vanishes if one choose a parametrization of the curve such that

s̈

ṡ2
= ϵ

2m2
m2r+1 s

ℓ
[A(x′)]s−1x′ax′e∇aAe(1 − (s − 1)

m

ℓ
) , (B27)

which then turns the geodesic equation closer to (91) without the term multiplied by ẋa.

We see that the geodesic equation of GR is reobtained in both cases if

ẋa(∇aA
q −∇qAa) + (mℓ) (s − 1) [A(ẋ)]−1 (ẋaẋe∇aAe)Aq = 0 (B28)

4. Deriving geodesic equations using the n-polynomial formula.

a. For h = [A(p)]3

Plugging n = 3 into equation (147),

RHS = ϵ

2m2
(ℓ2gqa(3∇bhacd −∇ahbcd) − ẋqẋa∇ahbcd)(

m

ℓ
)
3

ẋbẋcẋd

= ϵm

2ℓ
([3∇bh

q
cd −∇qhbcd ] ẋbẋcẋd) − ϵm

2ℓ3
ẋqẋa∇ahbcd ẋ

bẋcẋd, (B29)
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Now, contracting the ps with the covariant derivative and replacing the ps with ẋ terms

∇bhacd ẋ
bẋcẋd = (∇bAa) (A ⋅ ẋ)2 + 2Aa (A ⋅ ẋ) ẋc ẋb∇bAc

∇ahbcd ẋ
bẋcẋd = 3 (A ⋅ ẋ)2 (∇aAk) ẋk,

∇ qhbcd ẋ
bẋcẋd = 3 (A ⋅ ẋ)2 (∇ qAk) ẋk. (B30)

Therefore,

RHS = ϵ

2m2
(ℓ2gqa(3∇bhacd −∇ahbcd) − ẋqẋa∇ahbcd)(

m

ℓ
)
3

ẋbẋcẋd

= ϵm

2ℓ
((3(∇bA

q) ẋb (A ⋅ ẋ)2 + 6Aq (A ⋅ ẋ) ẋc ẋb∇bAc

− 3 (A ⋅ ẋ)2 (∇ qAk) ẋk) − 3

ℓ2
ẋqẋa(A ⋅ ẋ)2 (∇aAk) ẋk)

= ϵm

2ℓ
(3 (A ⋅ ẋ)2 ẋk(∇kA

q −∇ qAk)) + 6Aq (A ⋅ ẋ) ẋc ẋb∇bAc −
3

ℓ2
ẋqẋa(A ⋅ ẋ)2 (∇aAk) ẋk)

(B31)

Here we can see that we get the exactly same expression using the n-polynomial formula as

we had in (B10).

b. For h(x, p) = g(p, p)A(p)

Now, we start with

h(x, p) = g(p, p)A(p) = gabAcpapbpc⇔ habc = 1

3
(gabAc + gbcAa + gacAb) = g(abAc) , (B32)

Now specifying this specific form of h in the polynomial geodesic equation 147

habc = gabAc, habc = gaigbjgckhijk = gbcAa. (B33)

Plugging n = 3 into equation 147, the RHS becomes,

RHS = ϵ

2m2
(ℓ2gqa(3∇bhacd −∇ahbcd) − ẋqẋa∇ahbcd) p̄bp̄cp̄d. (B34)

Calculating the covariant derivatives:

∇bhacd = 2 gad∇bAc + gcd∇bAa,

∇ahbcd = 3 gcd∇aAb. (B35)
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RHS = ϵ

2m2
(ℓ2gqa(3∇bhacd −∇ahbcd) − ẋqẋa∇ahbcd) p̄bp̄cp̄d

= ϵ

2m2
[ 6∇bAc

m3

ℓ ẋbẋcẋq + 3 ℓ2∇bA
q m3

ℓ ẋb − 3 ℓ2∇qAb
m3

ℓ ẋb − 3∇bAc
m3

ℓ ẋbẋcẋq] (B36)

= 3 ϵm

2ℓ
[ℓ2 ẋb(∇bA

q −∇qAb) + ẋbẋcẋq∇bAc] (B37)

Here we can see that we get the exactly same expression using the n-polynomial formula

as we had in (B18).

c. For Microscopic Recoil Model MDR

Let us start with the perturbation function,

h(x, p) = (Aq(x)pq)
n
. (B38)

Where,

hb1...bn = Ab1Ab2⋯Abn . (B39)

Computing the necessary covariant derivatives,

∇ahb1...bn =
n

∑
j=1

Ab1⋯(∇aAbj)⋯Abn .

∇̄b1hab2...bn = (∇b1Aa)Ab2 . . .Abn +
n

∑
j=2

(∇b1Abj)Aa

n

∏
k=2
k≠j

Abk].

Contracting with p̄b1⋯p̄bn

p̄b1⋯p̄bn(n (∇b1Aa)Ab2⋯Abn) = n(A⋅p̄)n−1 p̄b∇bAa

= n mn

ℓn
(A(ẋ))n−1 ẋb∇bAa ,

p̄b1⋯p̄bn(n
n

∑
j=2

(∇b1Abj)Aa∏
k≠j

Abk) = n(n − 1) (A⋅p̄)n−2Aa p̄
bp̄c∇bAc

= n(n − 1)m
n

ℓn
(A(ẋ))n−2Aa ẋ

bẋc∇bAc ,

p̄b1⋯p̄bn(∇ahb1...bn) = n(A⋅p̄)n−1 p̄b∇aAb = n
mn

ℓn
(A(ẋ))n−1ẋb∇aAb ,

(2 − n) ẋqẋap̄b1⋯p̄bn ∇ahb1...bn = n(2 − n) ẋqẋa(A⋅p̄)n−1 p̄b∇aAb

= n(2 − n)m
n

ℓn
(A(ẋ))n−1 ẋqẋaẋb∇aAb . (B40)



82

Therefore,

RHS = ϵ

2m2

⎛
⎝
ℓ2gqa(n mn

ℓn
(A(ẋ))n−1 ẋb∇bAa + n(n − 1)

mn

ℓn
(A(ẋ))n−2Aa ẋ

bẋc∇bAc

− ℓ2gqanm
n

ℓn
(A(ẋ))n−1ẋb∇aAb + n(2 − n)

mn

ℓn
(A(ẋ))n−1 ẋqẋaẋb∇aAb

⎞
⎠

= ϵ

2m2
n
mn

ℓn−2
(A(ẋ))n−1 ẋb

⎛
⎝
gqa(∇bAa −∇aAb) +

(n − 1)
A(ẋ) Aq ẋc∇bAc

⎞
⎠

+ ϵ

2m2
n(2 − n)m

n

ℓn
(A(ẋ))n−1 ẋqẋaẋb∇aAb (B41)

As we can see that we get a structurally similar equation to the one obtained in Hamilto-

nian framework (A21) except for the term that can be absorbed through reparameterization.



83

ACKNOWLEDGEMENTS

I am deeply and sincerely grateful to my supervisor, Dr. Christian Pfeifer, for his unwa-

vering support, patience, and guidance throughout the writing of this thesis. Without his

help and encouragement, this work would never have been possible.

I also wish to thank Prof. Dr. Massimo Bianchi for his insightful suggestions, which

greatly enriched this research.

My heartfelt thanks go to all my friends who I met during this program— your compan-

ionship, encouragement, and help in critical moments made a huge difference in my journey.

You people made it possible for me to view things in a different light. I am also grateful to

all the teachers I encountered during my master’s program for their Wonderful lessons and

kindness.

I extend my thanks to the city of Bremen for being so kind and welcoming to me during my

studies, and to my dear friends back home whose moral support uplifted me across distance

and time. I am eternally grateful to my parents, for their constant faith in me, for supporting

my studies under every circumstance, and for being my foundation. None of this would be

possible without you. Your confidence in me is what kept me pushing myself even during the

hardest times.

I gratefully acknowledge the Deutschlandstipendium and Erasmus+ traineeship program

for its financial support during my studies in Germany. I also wish to thank the regional

scholarship programme LazioDisco-Right to Study- in Rome for making it possible for me to

continue my graduate studies.

Finally, I dedicate this thesis to everyone who has ever helped me, encouraged me, or

believed in me — your contributions make this achievement meaningful.



84

Zubaida Karim Juthy acknowledges support through an Erasmus Mundus Joint Master

(EMJM) Full Fee Waiver, funded by the European Union in the framework of the Erasmus+,

Erasmus Mundus Joint Master in Astrophysics and Space Science – MASS. Views and opin-

ions expressed are however those of the author(s) only and do not necessarily reflect those

of the European Union or the granting authority European Education and Culture Execu-

tive Agency (EACEA). Neither the European Union nor the granting authority can be held

responsible for them.


	Abstract
	
	Contents
	Notation and Conventions
	Introduction
	From Dispersion Relations to Modified Phase Space Geometry
	The locally -Poincaré Hamiltonian
	Momentum-Dependent Photon Spheres
	Planck-Scale Corrections to Gravitational Redshift


	Geodesic Equations in Lagrangian and Hamiltonian Mechanics
	Lagrangian Mechanics and Geodesic Equations
	Hamiltonian Mechanics and Geodesic Equations

	Computing Geodesics for H = g(p,p) + kappa g(p,p) A(p)
	General first order perturbations
	Deriving the geodesic equation for h(x,p) = (to.gbc(x)pb pc)to.k (to.Ad(x) pd)to.r
	Geodesic equation for an MDR with a n-th order polynomial term in p

	Geometry of the Tangent Bundle: Finsler Geometry
	Deriving Geodesic Equation From The Finsler Function
	For modified dispersion relations with a n-th order polynomial term in p
	MDR for D-particle Backgrounds and Vacuum Refractive Indices

	Results and Discussion
	References
	Appendix
	Hamiltonian Framework: Examples with Specific Perturbation Functions
	The geodesic equation for  h(x, p) = g(p, p) A(p) 
	The geodesic equation for h =[A(p)]3
	The geodesic equation for for Microscopic Recoil Model
	MDR for D-particle Backgrounds and Vacuum Refractive Indices

	Lagrangian Framework: Examples with Specific Perturbation Functions
	The geodesic equation for h =[A(p)]3
	The geodesic equation for  h(x, p) = g(p, p) A(p) 
	The geodesic equation for g(p,p)rA(p)s
	Deriving geodesic equations using the n-polynomial formula.
	For h =[A(p)]3
	For  h(x, p) = g(p, p) A(p) 
	For Microscopic Recoil Model MDR


	Acknowledgements


