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Abstract

Future lunar missions will depend on an internationally agreed upon timescale that remains ac-
curate under the Moon’s unique gravitational environment and its orbital dynamics. This thesis
investigates the proposed Lunar Coordinate Time| (TCL), derived analogously to
Coordinate Time| (TCG) and thus aligned with current proposals. We first formalise the
TCL transformation and quantify its characteristics from solar system simulations. Next, we
compute stationary surface-clock drifts caused by gravitational redshift and the Moon’s chang-
ing orientation parameters, evaluating how accurate atomic clocks deployed on the surface of
the Moon (much like for proposed NovaMoon mission) would have to be to measure these
effects. Finally, we simulate relativistic proper time for Moonlight navigation satellites,
identifying average drift and harmonic variations, to better understand the system that will com-
prise and enable a Lunar ]PNT‘ QPositioning, Navigation and TimingD architecture. These kind
of investigations are an essential step toward a sustained internationally cooperative operation
at the lunar south pole and beyond.
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1 Introduction

Precise timekeeping is a cornerstone for modern space exploration, enabling accurate naviga-
tion and scienti c measurement. While current systems on and around Earth, like the| Global
NNavigation Satellite System (GNSS), achieve this by combining atomic clock ensembles with
carefully calibrated relativistic corrections, extending these capabilities to the Moon introduces
new challenges and corrections. With upcoming missions such as NASA's Artemis programme
or[ESAJs Argonaut lander and other commercial and state programs { aiming to establish long-
term lunar infrastructure in the promising lunar south pole region { the need for a dedicated
and internationally recognized lunar time standard has become increasingly urgent.

Unlike Earth, the Moon has a weaker gravitational eld, no atmosphere, and a non-trivial
rotational and orbital interplay with Earth. These factors give rise to measurable relativistic
e ects; like a constant rate o set due to the Moon's higher position in Earth's gravitational well,
periodic variations from orbital eccentricity, and perturbations from external celestial bodies. To
address this, international bodies like the International Astronomical Union (IAU) are working
toward a formal de nition and practical implementation of a Lunar Celestial Reference System
(LCRS) with an associated| Lunar Coordinate Time (TCL), providing a standard for all future
lunar operations.

This thesis contributes to these e orts in three ways. First (Sec.@) by analyzing this proposed
lunar timescale, de ned analogously to| Geocentric Coordinate Time [((TCG), and comparing
existing formulations in the literature.

Second (Sec!| 5) we study the behaviour of stationary clocks on the lunar surface { exploring
the impact of the Moon's gravitational eld across varying selenographic heights. We assess
whether the resulting redshift is measurable with current or planned atomic clock technologies,
particularly in the context of proposed missions like NovaMoon on ESAs Argonaut Iander@]

{ which aims to deploy a timing beacon in support of[ESAs Moonlight navigation system[3].
We also evaluate how and to what degree the Moon's orientation, rotation and libration might
in uence clocks.

Third and nally (Sec. 6) we investigate clocks in orbit around the moon, speci cally those

in Elliptical Lunar Frozen Orbit (ELFO) as planned for ESAs Moonlight constellation. Using

numerical simulations we implement relativistic corrections, to evaluate how these clocks in
free-fall would tick relative to other timescales.




2 Revival of Lunar Exploration

From Apollo to Artemis

Following NASA's Apollo program (1969-1972), lunar exploration entered a decades-long hia-
tus. While scienti ¢ experiments like the Lunar Laser Ranging (LLR) retrore ectors provided
continuous data, crewed missions ceased entirely. China's methodical Chang'e program brought
focus back to the moon, achieving milestones such as the rst landing on the lunar far side
(Chang'e-4, 2019) and the robotic return of samples (Chang'e-5, 2020).

A pivotal shift occurred with the discovery of water ice in the Moon's permanently shadowed
south polar craters. NASA's LCROSS Impactor (2009) and India's Chandrayaan-1 (2008{2009)
con rmed these deposits, transforming the Moon from a scienti ¢ curiosity into a strategic
resource hub for fuel, oxygen, and life support. This revelation triggered a wave of missions
targeting the lunar south pole.

Figure 2.1: Render of the Moon's south pole region showing where NASA's Lunar Reconnaissance
Orbiter (LRO) had found on-going evidence in 2017, where data indicated the possible presence
of surface water ice in the permanently shadowed regions of craters. Image credit: NASA's
Scienti ¢ Visualization Studio.[4]



Since then, lunar missions have accelerated dramatically. Be it through national programs and
missions, such as the aforementioned China (Chang'e robotic missions), India (Chandrayaan-
3, 2023), Japan (SLIM, 2024), and Israel (Beresheet, 2019). Or be it private industry-driven
missions like with Intuitive Machines (Nova-C lander IM1 2024 and IM2 2025) and Firey
Aerospace (Blue Ghost, 2025), who both delivered payloads under NASA's Commercial Lunar
Payload Services (CLPS) initiative.

A new race to the Moon is said to have begun with NASA, China, and private industry leading
the charge. Both NASA and China are committed to re-establishing a human presence on the
lunar surface. NASA is pursuing this goal through its Artemis program[5] and the aforemen-
tioned CLPS initiative, where private companies play a critical role in developing the landers
and rockets needed to create a sustainable transportation system to the Moon. And a possible
long-term lunar habitat might look like the one depicted in Fig. 2.2.

The viability of augmenting lunar navigation with Earth-based systems was demonstrated in
March 2025 when Firey Aerospace's Blue Ghost Mission 1 successfully acquired terrestrial
GPS/Galileo signals at lunar distance through NASA's LUGRE experiment[6].

Despite successes, many lander failures (Israel's Beresheet, India's Chandrayaan-2, ispace's
Hakuto-R, Roscosmos's Luna 25, and Intuitive Machines partial failures), underscored the crit-
ical need for robust Positioning, Navigation and Timing (PNT) infrastructure to ensure safe
operations in the Moon's challenging environment.

Figure 2.2: Project Olympus lunar habitat concept; envisaging 3D-printed structures from in-
situ regolith to enable scalable and durable infrastructures for a sustained human presence on
the Moon. Image Credit: BIG (Bjarke Ingels Group); client: ICON][7]; collaborators: NASA,
SEArch+ (Space Exploration Architecture). Image Source: BIG project page[8]

LunaNet and ESA's Moonlight

LunaNET[9] { being developed collaboratively by NASA, ESA, and JAXA { aims to be the foun-
dational architecture for lunar communications and navigation. This framework incorporates
three critical capabilities: Delay-Tolerant Networking (DTN) ensures reliable data transmis-
sion despite frequent signal disruptions; Autonomous Navigation delivers real-time positioning



through Augmented Forward Signals (AFS), enabling spacecraft and rovers to operate indepen-
dently of Earth-based control; and integrated science and safety services providing solar storm
alerts and lunar search-and-rescue (LunaSAR) capabilities.

The European Space Agency (ESA) complements this infrastructure through two initiatives:
The Moonlight constellation (targeting full operations by 2030[10, 11]) will provide navigation
services across the lunar surface, with prioritized coverage of the South Pole while maintaining
interoperability with LunaNet's AFS standards. And second, further enhancing accuracy, the
NovaMOON surface station { proposed for integration on ESA's Argonaut lander later this
decade { could serve as an anchor node.

However, before a lunar navigation system can be deployed, it is paramount to understand the
underlying principles of Positioning, Navigation and Timing (PNT). Uncertainties of clocks and
thus signal delays in the couple of nanoseconds translate to meters of inaccuracy { due to the
speed of light of approximately 1 ft=ns or 30 crrens.

The next section therefore recounts the fundamental framework for lunar operations and beyond:
a uni ed relativistic time- and reference-frame standard that accounts for both gravitational and
kinematic corrections across the solar system.

Figure 2.3: Artist impression of ESA's lunar navigation architecture, which will encompass moon
orbiting navigation satellites (Moonlight), geodetic surface stations (like NovaMOON), work-
ing in unison with the GNSS constellations around Earth, and serving users like lunar landers
and rovers. Image credit: ESA P. Carril[12].



3 Relativistic Time-Scale Framework

Newtonian physics treated time as absolute, butEinstein 's relativity revealed time as a dy-
namic, reference-frame-dependent, relative dimension. This paradigm shift became operationally
critical with the advent of space-based astronomy, satellite navigation (e.g. the Global Position-
ing System (GPS) as the rst Global Navigation Satellite System), and high-precision astrometry.
Modern instruments, like atomic clocks, Very Long Baseline Interferometry (VLBI) networks
and Lunar Laser Ranging (LLR), demand a rigorous relativistic framework to reconcile time
measurements across di erent celestial reference frames. The need for such a framework was
formally addressed by the IAU 2000 resolutions[14][15] (especially B1.3-B1.5 and B1.9), which
established the Barycentric Celestial Reference System (BCRS) and Geocentric Celestial Refer-
ence System (GCRS), which are fully compatible withEinstein 's General Relativity (GR). The
resolutions were further re ned in the IAU 2006 Resolutions B2 and B3 (see [16, 17]). Further,
the IAU 2024 Resolutions Il and Il give a formal relativistic frame de nition and recommen-
dation for the Moon's case (see [18, 19]). The practical formulas and constants adopted by
the geodetic community are collected in thelERS Conventions 2010 (Technical Notes 36)[20],
which this work primarily follows (see Sec. 3.1).

In General Relativity there are two types of time. First, the proper time, which is the time an
idealized physical clock would measure elapsed between two events on its world-line. Second,
the coordinate time, which usually refers to the time an idealized clock at rest to a central body
and outside said central body's gravity-well would measure. This corresponds to the time a
distant observer would experience. Generallycoordinate time is a mathematical construct used

in relativistic physics to provide a uni ed time variable across di erent locations and states of
motion within a given coordinate system. It is disconnected from the proper time most clocks
would measure. The aforementioned time of a distant observer is just the most natural choice
for a coordinate time.

In Sec. 3.2 we outline how the relativistic time transformation as given in thelERS Conventions
are derived from relativity. Sec. 3.3 discusses ephemerides, orbital elements and simulation tools.
We continue detailing how the operational timescales Coordinated Universal Time (UTC) and
GPS system time (GPST) are realized (Sec. 3.4 and 3.5 respectively). We nish this Chapter
on the theoretical background with a brief discussion on clock properties (Sec. 3.6).
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3.1 International Astronomical Union Resolutions

The IAU 2000 and IAU 2006 Resolutions[14{17], as re ected in thelERS Conventions 2010[20],
distinguish the following four relativistic coordinate time scales underlying modern astrometry,
geodesy, and satellite navigation.

Barycentric Coordinate Time (TCB) is the coordinate time of the relativistic four-dimensional
Barycentric Celestial Reference System (BCRS), whose origin is the solar system barycenter
(SSB) and whose spatial axes are kinematically non-rotating with respect to distant quasars,
which form the International Celestial Reference Frame (ICRF). Clocks synchronized with TCB
read the proper time of a clock co-moving with the solar system barycenter (SSB) but outside
the solar system gravity-well.

Geocentric Coordinate Time (TCG) is the coordinate time of the relativistic four-dimensional
Geocentric Celestial Reference System (GCRS), which is a local system of geocentric space-time
coordinates. GCRSs origin is the Earths center of mass, including oceans and atmosphere. It's
kinematically non-rotating with respect to the BCRS. TCG is equivalent to the proper time
experienced by a clock at rest in a coordinate frame co-moving with Earth, but without Earth's
gravitational in uence (so without Earth's gravitational time dilation).

Terrestrial Time (TT) is a uniform time scale an ideal clock on Earth's geoid (a concep-
tual surface of constant gravitational potential approximating mean sea level) would expe-
rience. It is tied to TCG by a de ned rate constant Lg and origin to = JD 24431445 =
1977-01-01 00:00:3284 TAI. International Atomic Time (TAI) is a practical realization of
TT, using a global network of very stable atomic clocks and high precision primary frequency
standards (PFSs) ensuring the Sl second. TT is measured in days of 86 400 S| seconds.

Barycentric Dynamical Time (TDB) is a coordinate time, used as a time standard for
calculating ephemerides and describing orbits of planets, asteroids and other bodies, as well
as spacecraft in the solar system. TDB keeps historical ephemerides (expressed in terms of
historical terrestrial time) numerically close by applying a linear scaling of TCB

TDB=TCB Lg (JDtcg To) 8640G+TDB g (3.1)

by the de ning constant Lg and de ning o sets Tg = 1977-01-01 00:00:00 TAl and TDB, (which
was the TDB TCB di erence at that epoch). JD tcg is TCB expressed in terms of the Julian
Date (JD) { the count of days since noon on January 1st, 4713 BC on the Julian calendar. By
design the di erence TDB and TT remains below 2 ms over several millennia[17].

Interplay of these timescales: In order to get a quick understanding how these timescales
operate, we can take a look at Fig. 3.1, where the time di erence of these timescales are plotted
with respect to the continuous freely running TAl, realizing the Sl second. UTL1 in this plot is the
time tied to Earth's rotation (thus days of 86400 non-Sl seconds). As Earth rotation is slowing
down, the di erence to TAl is compounding over the years. Coordinated Universal Time (UTC)
tracks UT1 via leap seconds, such that the civil time established by atomic clocks and their
Sl-second does not di er from solar time by more than 09s. The o set between TT and TAI
is by de nition 32.184 seconds { a historical artefact meant to ensure continuity with previous
ephemeris time de nitions and data. TCB and TDB were chosen to agree with TT at epoch
1977.0. TCB advances faster than TT and TCG, since they are located down a gravitational
well, therefore their clocks tick slower than TCB clocks. Similarly, TCG also advances faster
than TT and TAI, but to a lesser extent than TCB. TCB's (and TDB's) small oscillations are
due to Earth's elliptical orbit around the Sun.
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Figure 3.1: Di erences between time scales between 1950 and 2020 with International Atomic
Time (TAI) as reference anchor. Periodic terms in TCB and TDB have been exaggerated by
a factor of 100 to make them visible. TDB, TCG, and TT are o set from TAI by about 32
seconds. Graphic from [21].

4D transformation, Eq. (3.2)
)
o
xed rate
. xed rate
e et
Y Eq.3.1 & dTcG G
Y PN g
4D transformation

Figure 3.2: Relations among the principal coordinate time scales and the proper time a satellite
around Earth might have. Inspired by [20].

For a detailed understanding of how these relativistic timescales relate to each other, we take
a look at Fig. 3.2. Timescales/nodes connected by solid line arrows have an explicit de ning
transformation formula given below. Connections with dashed lines are indirectly de ned and

can be derived from the given formulas through the other edges. The referenced equation

( zZ, .2 )
TCB TCG= =z Ee+ Uext Xe dt + % % % + O(c %) (3.2)

to

expresses the time di erence between Barycentric Coordinate Time and Geocentric Coordinate
Time. A detailed explanation of all the terms will be given in Sect. 3.2.1. Equations 3.3 and 3.4
{ relating TT and TCG respectively to the proper time  onboard an Earth orbiting satellite,
are given here in a simpli ed form, where tidal terms have been ignored. For full expressions,
see [20].
d
dTCG
d

7 =1t Le  1=CvA=2+ Ug(%)] (3.4)

=1 1=A[v2=2 + Ug (%] (3.3)
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3.2 From Relativity to proper time and coordinate time

Before we adapt to the lunar case in accordance with the International Astronomical Union
(Ch. 4-6), we rst outline their derivation for Earth and how to interpret each term physically.
Section 3.2.1 constructs the spacetime metric at the 1st post-Newtonian order and recovers
the terms adopted in the IERS Conventions; Sec. 3.2.2 brie y notes 2nd post-Newtonian order
re nements.

3.2.1 Coordinate time with the 1PN metric

To understand where Eg. 3.2 is coming from, we can start from relativistic principles as follows.
Here we will use the conventions: Metric Signature (¥ ; ; ); x = (ct;%) where c is the
speed of light. In special relativity the so-called space-time-interval has the form

ds? = g dx dx = c?dt® dx¥? (3.5)

and is by de nition invariant under Lorentz transformations between inertial frames of reference
(those in uniform and constant motion). From the space-time-interval ds> we can compute the
proper time as

r
P _ V2 vz o4 _

d = ds?=¢2=dt 1 2 d 1 °@ @+ : (3.6)
where v2  dx°=dt? is the square of velocity. The leading correction is v2=2c¢? and can be
understood as the low-velocity { ¢) kinematic time-dilation at 1st post-Newtonian order
(1PN) { meaning up to expansion terms of 1=¢ order. The 2nd term v*=8c* is the kinematic
time-dilation correction at 2nd post-Newtonian order (2PN) { meaning expansion terms of up
to 1=¢* order.

Now, when we want to consider the e ect of gravity, we assume the central bodies mass distri-
bution as static and spherically symmetric, and that there exists a locally inertial, non-rotating,
freely falling coordinate system with origin at the center of mass. The non-approximate solution
would be the well-known Schwarzschild metric:

2GM 2GM
dSZ = 1 > Czdtz 1 o
cer cer

1
dr? r2d 2 r2sin®> d ?: (3.7)

For small U ¢ (weak eld) and under an appropriate transformation to achieve isotropic
coordinates (e.g. where the spatial part is as close to Euclidea 2= dr2+ r2(d 2+sin? d 2)
as possible, such that angular and radial parts are treated the same) the Schwarzschild metric
in Eq. 3.7 can be rewritten as an approximate solution to Einstein's eld equations as

2U 2U .
ds? = 1+ = (cd)? 1 = (dr?+r2d 2+ r?sin®> d ?); (3.8)
whereU = U(r) = GMz=r is the classic Newtonian potential; for real-world accuracy, it may

be expanded in terms of spherical harmonics with associated coe cients (multipole moments).
To uncover the e ect on proper time, we can rewrite Eq. 3.8 by factoring out ac?dt?

2U 2U dr2+r2d 2+ r2sin?2 d 2
ds?= 1+ = —
2 2 c2dt?

c2dt? (3.9)

and simplify by recognizing

V2= dr2+ r2d 2+ r?sin> d ?
dt2



3.2 From Relativity to proper time and coordinate time 9

as the velocity in the inertial coordinate system. Then by keeping terms only of orderc 2, such
that the potential term a ecting the velocity term is dropped, and after taking the square root
of ds? and expanding, we get for the proper time increment of a moving clock:

2
d =" dP=¢@ dt 1+ g ;702 +0(c: (3.10)
The rst term here describes the gravitational redshift { the smaller the potential U (deeper
down the gravitational well) where a clock is located, the slower the proper time of that clock
elapses compared to the coordinate time. The second term is again the kinematic time dilation,
unchanged from above, in this static weak eld and at this order. We note that expanding to
2PN would bring squared potential terms and gravitomagnetic e ects via cross termsgg; into

the expression, see Sec. 3.2.2.

In case for the solar system, using Eq. 3.10, we can sétas the coordinate time with respect to
the solar system barycenter (SSB) (! TCB) and as the coordinate time w.r.t. the Earth's
geocenterxe ( ! TCG). Consequently, as we are talking aboutcoordinate times, the potential
U excludes Earth's own eld, such that U ! Uex: (%) is the external Newtonian potential from
all other bodies in the Solar system evaluated at Earths positionx.. We have

d _dice _, 1 v

at - oTcB - 2 2 + Uext(%e) + O(c 4) : (3.11)
Clock
o

O
Barycenter
Figure 3.3: Geometry of solar system barycenter (SSB), Earth and a clock near Earth.

When considering coordinate clocks atx close tox. (see Fig. 3.3), the potential may be expanded
asUext (%) = Uext(%e) @ext (X %)+ O(j%  %cj%) where aex T Uextjx, [22]. Evaluated in
the 1PN timing relation (Eqg. 3.11) and de ning R = % %, one obtains upon integration

1 VA t V2
TCB TCG = g ?e + Uext (Xe) dt +

to

Yo R
C2

+ O(c 4): (3.12)

Physically the last term is analogous to thex v term found in the temporBI part of the Lorentz
transformation (recall from Special Relativity t°= (t ’%}) where =1= 1 v2=¢) meaning
comoving-observers with velocityve displaced by R from the geocenter are on di erent surfaces
of simultaneity compared to the origin event at the geocenter, as these surfaces are tilted by
Ve=G, producing a linearly (in distance) dependent time-o set R=c. In other words, the last term
in Eq. 3.12 corrects for the relativity of simultaneity of clocks co-moving with Earth's geocenter
at BCRS coordinatesx as observed from the Barycentric frame.

With Eq. 3.12 we now have motivated the IAU de nition in Eq. 3.2 and explained where each
term comes from and what they represent physically.
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3.2.2 Beyond 1PN

To go beyond 1st post-Newtonian order (1PN), e.g. to 2PN, we start with the general expression
for the elapsed proper time for a clock moving along a timelike worldlinex (t):
d P ds?=c? 12 o d
= s?= == ———dt 3.13
) ¢, O dt dt (3.13)

and proceed with a more complete metricg (than Eq. 3.8), which describes an isolated, ro-
tating, stationary and quasi-rigid Earth in 2PN, which has an additional term in U? in the
tt-component, cross-terms in the spatial components and the unchanged spatial part with Kro-
necker delta jj :

Qoo = 1+2U=¢+2u%=¢

JE *

=265

gj = 1 2U=(,2 ij -

The cross-termgg; results in the so-called gravitomagnetic clock e ect, whereJt is the angular
momentum vector of Earth and + the radial coordinate distance from the origin.

For the purposes of our analysis in the context of lunar time and current space-based clock
accuracies, these 2PN terms and e ects are so small in magnitude that they can be neglected
for timekeeping metrology and navigation in cislunar space [23][24].

3.3 Ephemerides and simulation tools

This section introduces planetary ephemerides (see Sec. 3.3.1), explains why di erent ephemeris
families di er and how they are constructed (Sec. 3.3.2), reviews Keplerian orbital elements
(Sec. 3.3.3), and shows how we use ephemerides in practice via simulation tools (Sec. 3.3.4). For
a complete review, see [25].

3.3.1 What are ephemerides

Ephemerides (from the ancient Greek word for diary or journal) are essentially tables or datasets
that provide positions and velocities for solar system bodies (like planets, moons, asteroids,
spacecrafts, etc.) as a function of time. In modern days the term also encompasses the entire
dynamical framework used to derive these datasets.

In the 19th century, mismatches between prediction and observation pushed astronomy for-
ward: Uranus's anomaly led to Neptune's prediction; Mercury's anomalous perihelion advance
ultimately required General Relativity. Space-era radar ranging, spacecraft tracking, and LLR
turned ephemerides into precision tests of gravity[25]. Therefore, as purely analytical models
for the motions of the planets reached their limits, ephemerides in their numerical form are now
the state-of-art and have been developed and released since the 1970s.

The main families are developed at NASA's Jet Propulsion Laboratory ODE Ephemerides),
the Institute of Applied Astronomy of the Russian Academy of Sciences EPM Ephemerides),
and at Paris Observatory (IMCCE) with Céte d'Azur Observatory ( INPOP Ephemerides).
Representative references for these ephemeris families are DE[26], INPOP[27], and EPM[28]. All
three families of ephemeris implement relativistic frameworks and achieve comparable accuracy,
with di erences mainly in modelling choices and t strategy.

10
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Modern planetary ephemerides are integrated in days of Barycentric Dynamical Time (TDB)
and saved as les ofChebyshevpolynomials t to the Cartesian positions and velocities of the
bodies in the BCRS and ICRF for e cient high-accuracy interpolation.

3.3.2 Dierences between ephemeris families

Dynamical models used for the generation of ephemerides describe the point-mass interactions
between all the planets, moons, dwarf-planets, and various asteroids and relativistic e ects from
the parameterized post-Newtonian (PPN) formalism; tted to an increasingly comprehensive
and accurate set of space mission tracking data. To be more precise, they share a relativistic
EIHDL (Einstein{Infeld-Ho man-Droste{Lorentz Equation) integration framework but di er in

speci ¢ modelling choices and tting strategies.

Variations occur in the small-body perturbation model, such as the number and treatment of
main-belt asteroids (MBA) (e.g., 343 individually tted objects in modern DE and INPOP
releases) and the handling of Trans-Neptunian Objects (TNO) or Trojans (e.g., TNO rings in
EPM, selected TNO's plus a ring in DE440, 500 equal-mass TNO perturbers in INPOP).
Di erences also arise in the inclusion of additional accelerations (e.g., solar Lense{Thirring
frame-dragging, solar oblateness terms), in the size, composition and quality of the observational
datasets used for tting (spacecraft tracking, VLBI, radar, optical astrometry), and in the
parameterization and adjustment procedure itself, such as whether the t solves for the Sun's
GM or historically for the astronomical unit (AU) (which has been xed by the IAU in 2012
to a value of 149597 870 km), and how the SSB is enforced in the integration frame. For
comparisons between particular ephemeris releases, you may refer to [25, 29].

3.3.3 Keplerian orbital elements

To describe an orbit in three dimensions, a total of 6 parameters are needed, since there are 6
degrees of freedom. In Cartesian coordinates these correspond to the threg;¥; z)-values for
position and velocity each. Typically, 6 Keplerian elements are used to describe an object in
orbit around a body (with gravitational parameter = GM). Two describe the shape of the
orbit (eccentricity e, semi-major axis a), two the orientation of the orbital plane (inclination

i, right ascension/longitude of the ascending node (RAAN) ), and two the orientation of the
orbit/orbiter within the orbital plane (argument of periapsis !, true anomaly ). See Fig. 3.4 for
a useful visualization of these orbital elements and associated symbols. When solving the Kepler
problem (two body problem) and describing its solution, it is also convenient to introduce the
so-called eccentric anomalyE and the mean anomaly.

Actual satellite trajectories dier from the idealized Keplerian orbits, because of both gravi-
tational and non-gravitational disturbances. To 0™ order, Keplerian orbits are accurate, and
deviations can be analyzed using perturbation theory. These perturbed orbits are expressed as
instantaneous Keplerian orbits, where the orbital elements are time-dependent. These are also
referred to asosculating elements

3.3.4 Orbit modeling tools

Later in this thesis, for the purposes of orbit propagation and the resulting use of planetary
ephemerides, we employ the software tool GODOT (General Orbit Determination and Opti-
misation Toolkit) [31]. GODOIiB ESA's modern ight dynamics framework, developed at the
European Space Operations Centre (ESOC), for high-precision orbit determination, trajectory

Lanimation showing the anomalies in motion https://www.youtube.com/watch?v=Mrot7SLo0I0
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3.4 Earth time laboratories establishing TAl and UTC 12

Figure 3.4: Visualization of the six Keplerian orbital elements. From [30]

design, and mission analysis. It provides a fully relativistic modelling environment for space-
craft and celestial body dynamics. Built on a C++core with a complete python interface, GODOT
combines the computational e ciency of compiled code with the exibility of python scripting,
making it suitable both for research and for in- ight operations.

Another tool, that was slated for our work, is XHPS (eXtended High Performance satellite
dynamics Simulator) [32][33] developed by ZARM at University of Bremen. This tool is a
Matlab library for high-precision orbit propagation for the motion of arti cial satellites around
the Earth and the simulation of related dynamical system, high-degree gravity eld models, and
non-gravitational perturbations such as solar radiation pressure or atmospheric drag. However,
for this work { with regard to proper-time integration of lunar orbiters, the needed clock module
was not ready in time yet. Thus XHPS was ultimately not used here.

3.4 Earth time laboratories establishing TAlI and UTC

On Earth, international atomic timekeeping is anchored in a network of National Metrology
Institutes (NMIs) { like NIST (National Institute of Standards and Technology) in the USA,

or PTB (Physikalisch Technische Bundesanstalt) in Germany { and other designated time lab-
oratories, each operating its own ensemble of high-stability atomic clocks (typically Caesium
fountains, hydrogen masers). Each lab's ensemble is combined { via a local time-scale algo-
rithm such as AT1 at NIST[34] { into a continuous, free-running atomic timescale TA(k), which
serves as the internal reference for laboratork . The rate of TA(k) is corrected for relativistic

e ects arising from the laboratory's height above the Earth's geoid, ensuring that its tick rate
corresponds to proper time on the geoid { as required for Terrestrial Time (TT).

A comparison of these local timescales between laboratories is achieved by using time transfer
techniques such as GNSS CV (Common-View) or TW-STFT (two-way satellite time and fre-
quency transfer). This interlaboratory data is send to the Bureau International des Poids et
Mesures (BIPM) in Paris, which processes these measurements.

At the BIPM, the rst step in building a global timescale is the computation of the Echelle
Atomique Libre (EAL) { a weighted average of all contributing TA(k) timescales. Because
EAL's unit interval does not perfectly match the Sl second, the BIPM applies a small frequency
correction (on the relative order of 10 13 [35]) to produce TAI. Leap seconds are then inserted

12



3.5 GNSS system times 13

into TAI to generate the civil time UTC { to stay in sync with Earth's rotation and solar
day. The BIPM publishes the [UTC-TA(k)] o sets in monthly Circular T and in weekly rapid
updates, allowing time laboratories to steer their local UTC(K) outputs.

In this way, approximately 85 contributing laboratories continuously maintain the globally uni-
form atomic time reference TAI (and thus UTC) tied to the Sl second and corrected to the geoid.
Distribution of UTC is provided through long-wave radio stations (e.g. DCF77 controlled by
PTB for continental Europe), GNSS signals, and the Network Time Protocol (NTP) through
internet connected servers, which are disciplined by NMI or GNSS clocks.

3.5 GNSS system times

Satellite navigation systems determine user positions from distance measurements based on the
propagation time of satellite transmitted one-way-signals. This makes them fundamentally de-
pendent on highly accurate clocks and time standards. Each GNSS (Global Navigation Satellite
System) maintains its own system time in order to meet the requirements of internal time syn-
chronization and dissemination. These times-scales are all realized through ensembles of atomic
clocks in their ground and space segment and are steered such that they maintain a xed o set
to TAI (see Fig. 3.5).

GPS system time (GPST), for example, is realized as a composite clock built from atomic clocks
within the GPS Control Segment together with the frequency standards aboard GPS satellite
vehicles (SVs)[36]. Each contributing clock is weighted according to its observed stability, and
the resulting ensemble de nes the system time, where the o set was set as GPST = TAl 19s.
Using common-view time transfer, GPST is steered so that its accuracy from UTC(USNO) { the
UTC realization maintained by the United States Naval Observatory { remains within 1 s,
after accounting for the constant TAI o set and the current total leap seconds. In practice, the
o set is much smaller, typically at the level of 20 ns[37]. This forecast o set is transmitted in the
navigation message, enabling users to compute UTC accurately from the broadcasted GPST.

Figure 3.5: Di erences between the GNSS system times and the dynamical timescale discussed
prior; leap seconds shown schematically only. From [36].

13



3.6 Clock properties: accuracy vs. stability 14

3.6 Clock properties: accuracy vs. stability

When the performance of a clock is evaluated, we primarily look at two characteristics: Accuracy
and stability, two related but distinct concepts; see Fig. 3.6.

Accuracy evaluates whether the average tick rate (frequency) is correct. A clock is accurate if,
after correcting known systematic e ects, its mean frequency matches the Sl second, as de ned
by the ground-state hyper ne transition frequency of the Caesium-133 atom. Systematic e ects
that shift the frequency of an atomic clock include environmental in uences such as magnetic
elds (Zeeman e ect), electric elds, and blackbody radiation (Stark e ect) that shift the energy
levels in the atoms, atomic motion causing Doppler shifts, gravitational potential di erences
(redshift), as well as various instrumental e ects. Primary Caesium clocks reach fractional
uncertainties near 10 18, and leading optical clocks below 1018, see Fig. 3.7.

Stability/Precision evaluates whether the frequency is repeatable over time. "Precision” in
time metrology is quanti ed as stability, typically by the Allan deviation (sometimes abbreviated
ADEV), which characterizes root-mean-square fractional-frequency uctuations dependent on an
averaging time/window of length

A clock can be very stable (low noise) yet inaccurate (constant o set), or very accurate on
average but noisy from moment to moment, compare with Fig. 3.6a. Another helpful picture is
a dartboard where accuracy moves the mean of the shots to the bullseye and precision tightens
the spread of the shots, regardless of where the mean sits; see Fig. 3.6b.

(a) Adapted from [38]. (b) Adapted from [39].

Figure 3.6: Side-by-side illustrations of (a) Frequency accuracy/stability of clocks and (b) accu-
racy vs. precision in the dartboard analogy.

As has been said, Allan deviation is a metric often used when describing a clock's stability. Real
clocks exhibit noise types that change with averaging time { white frequency noise at short
icker for mid , random walk at long . Ordinary variance can diverge for these non-stationary
noises, wheread\llan deviation remains well-behaved and, on a log-log plot of y( ) vs. also
reveals the noise type by its slope (power law): y / with = 1=2 characterizes white-
frequency-noise, with around 0 (constant) we have icker-frequency-noise, and for = +1 =2
random walk frequency noise. In Fig. 3.8 the Allan deviation for various clock types is plotted.

In practical timekeeping, high short-term stability is essential for reducing measurement noise
in time transfer and for providing a low-jitter reference to steer an ensemble or maintain a
local timescale between calibrations. High long-term accuracy is necessary to ensure that the
timescale does not drift away from the Sl de nition. This complementarity explains why inter-
national timescales such as TAI are computed from ensembles that combine the best of both
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3.6 Clock properties: accuracy vs. stability 15

worlds: hydrogen masers with excellent short-term stability and primary or secondary frequency
standards that provide accuracy.

Figure 3.7: Historical development progress in improving accuracies of Caesium microwave clocks
and advanced optical frequency standards. From [40].

Figure 3.8: Allan deviation performance plot (describing clock stability/precision) comparing
temperature-compensated (TCXOs) and oven-controlled (OCXOs) crystal oscillators with
atomic frequency standards. From [36].
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4 De nition and Computations of Lunar
Coordinate Time

This chapter rst discusses the possible de nition of the Lunar Coordinate Time (TCL) in
Sec. 4.1, detailing two formulations, one by Kopeikin et al.[23] and the other by Fienga et
al.[24]. In Section 4.2, we compare the numerical results from both approaches. We nish with
Sec. 4.3 with nal remarks regarding our comparison and TCL overall.

4.1 De nitions of the TCL transformation

Knowing the TCG de nition (see Eq. 3.11 according to the IAU 2000 Resolutions [20]) it is
straightforward to de ne an analogous Lunar Coordinate Time (TCL), for example, see Kopeikin
et al.[23]. According to this approach, TCL is the coordinate time of a new Lunar Celestial
Reference System (LCRS) centered at the Moon's center of mass, with its axes kinematically
non-rotating with respect to the BCRS/ICRF axes. The de nition of TCL then becomes like in
Eq. 3.11 but with the indices e (for either Earth's position and velocity in the BCRS coordinate
frame) replaced with L for the lunar equivalents, such that TCL is the relativistic time scale of
the LCRS. Consequently, for the external potential, rather than summing over all bodies except
Earth, the summation is over all bodies except the Moon. To be concrete:

;0 1
17t _v2 X GM R

TCB TCL= - @Y 4 CMa A dr+ = Ny Oo(c 4 (4.1)
c2 to 2 A6 L r.a c2

with A being an external body to consider (e.g. Earth, Sun, Jupiter, Saturn, and other plan-
ets/asteroids ), ria = jfaj = j¥  %aj being the coordinate distance of Moon and bodyA,

v_ being the velocity of the moon in the BCRS, andR = % %_ the vector connecting the

moons center-of-mass position with the clock position. In [23], this formula is also given in 2PN
rather than here 1PN; however, the extra 2nd post-Newtonian order terms contribute only by
10 8ns/day { making them practically unnoticeable, so that they can be ignored for practical

purposes.

Now, in order to obtain an expression for purposes of comparing the Geocentric Coordinate Time
(TCG) with TCL, rather than with Barycentric Coordinate Time (TCB), Kopeikin massaged
TCL-TCB (Eg. 4.1) at 1PN order so that it can be subtracted from TCB-TCG with a handful
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4.1 De nitions of the TCL transformation 17

of terms cancelling. What remains is TCL-TCG. Equation 4.1 is rst transformed to Earth-
centered coordinates and then terms within the sum are Taylor expanded (there known as the
expansion in tidal multipoles). The result is an expression that cancels with a lot of terms
from EQ. 3.2, resulting in a relatively simple (compared to the here omitted in-between steps)
TCL-TCG expression of

\Y E 2 E 3 s 1
TCL=TCG = JAE B ZEL 2 S (res rg)? Zricr?e dt
c2 2 rLE rE ZrES ( ES LE) 3 ES'LE

1
@(VLE res Ve fe); (4.2)

where v g is the Moon's velocity with respect to Earth in the GCRS, the index S refers to
the Sun, and A = GM, is known as the gravitational parameter of body A { the product of

Newton's gravitational constant G and the body's massM . The fact that many terms cancel
during the subtraction is consistent with the physical intuition based on General Relativity's

Equivalence Principle, which states that local experiments cannot detect the orbital motion of
a local coordinate system in freefall, and thus the gravitational in uence of external bodies
can only manifest through tidal terms. Indeed, the leading contributions (the terms inside the
integral) of the TCL-TCG transformation are expressed solely in terms of the Moon's geocentric
distance r g and velocity v g relative to Earth, whereas the terms depending on the Earth's
barycentric orbital velocity cancel out. For more details on the derivation, see [23].

For the purpose of numerical simulations { rather than the analytically integrated form in Eq. 4.2
{ we can also simply express the relation between TCL and TCG through a di erential rate form,
as done by Fienga et al.[24]. We start with

0 1
dTCL 1 .v2 X GM
_ @'l AA 4 . _
dTCB 2 2 +A ria +0(c %) (4.3)
| fz }

analogous to dTCG/dTCB as seen in Eqg. 3.11, but for the Moon, rather than the Earth. To
arrive at dTCL/dTCG, we can shift our coordinate-system origin from SSB to the geocenter of
Earth, by re-expressing | in terms of geocentric velocities/positions and the grav. potential
relative to geocenter. This simple translation, also done by [23] to arrive at Eq. 4.2, is essentially
the Galilean coordinate transformation from BCRS to GCRS { which is su cient at 1st post-
Newtonian order, as explained in [23]. Therefore, we have

dtcL _ . 1

= — g +0O(c? 4.4
ITCa 2 LE (c”) (4.4)
with
_ Ve, X GMa X GMa (4.5)
LE 2 r r ' '
AsL A ase EA

Fienga et al.[24] then proceeded to also express TCL in terms of TT, which is a simple scaling
as per @1~ =1 Lg, such that

dTcL TT)  dTT ! dTCL dTT
dTT ~ dTCG dTCG dTCG
1

1
= Lo+ — 4.6
1 Le G+t 2 LE (4.6)
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4.2 Numerical comparison of di erent literature results 18

Another approach for a Lunar Coordinate Time { only mentioned here for completeness sake {
is via an intermediate Earth-Moon coordinate reference system (EMCRS) (EMCRS)[23]. This
route, rstformulated for lunar time by Ashby and Patla[41], introduces local coordinates tied to
the Earth-Moon barycenter and expands the external potential in tidal multipoles while keeping
the Earth-Moon dynamics explicit. Kopeikin and Kaplan nd that this EMCRS construction
results in an identical TCL-TCG to the Ashby-Patla model, and also verify consistency with the
IAU relativistic framework and note that the IAU based formalism actually allows to accommo-
date a greater number of terms. See their[23] Appendix A.

4.2 Numerical comparison of di erent literature results

In this section, we cross-check the formulations of Kopeikin et el.[23] and Fienga et al.[24] by
directly comparing their numerical predictions. We rst examine the average drift rates in
Section 4.2.1, followed by the periodic components in Section 4.2.2.

Kopeikin et al.[23] evaluate their explicit transformation (Eq. 4.2) over a 10-year span using the
DE440 planetary ephemerides with a 0.1-day step; the explicit form also allows for an accompa-
nying analytic treatment. Fienga's implementation numerically integrates the di erential-rate
form in Eq. 4.6 for TCL-TT using the INPOP2la ephemerides over a 30-year window with a
0.002-day step. The integration is performed simultaneously with the planetary and lunar orbits
within the INPOP framework, employing the same order-12 Adams-Cowell integrator (optimized
to the Earth-Moon system to sub-mm stability) used for the ephemerides; further details are
given in [42][43].

Both approaches produce a time-di erence signal consisting of an average linear trend (called
secular drift) plus superimposed oscillations. The secular drift arises mainly from the average
gravitational potential and average velocity di erence between the two coordinate times, while
the remaining periodic components re ect the shape and perturbations on the orbits.

4.2.1 Secular drifts

Kopeikin primarily compared TCL with TCG/TCB (obtaining a secular drift of 1 :4769 s=day
and 1:2808 ms=day respectively) and TT with a proposed lunar surface time LT (Lunar Time),
whereas Fienga analyzed TCL to TT. We summarized the key values in Fig. 4.1, which shows
the established timescales (TCB, TCG, TT) and the proposed lunar analogues (TCL, LT).

{56.025 s

\>
60.2147 s

2.7128 s

1.4769 s
fee]

1279.4 /:80 8 s

Figure 4.1: Secular drift per day between established and proposed coordinate times. In teal
numbers from [23], and in orange numbers from [24]. No inconsistencies are found.

I
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4.2 Numerical comparison of di erent literature results 19

Here, LT is de ned as the lunar equivalent of TT. TT's rate is realized on the rotating terrestrial
geoid { an equipotential surface of the Earth's gravitational potential best matching mean sea
level { with a reference potential ¢ = 6:26368560 10’ m?=s>. No equivalent equipotential
("selenoid") has yet been internationally adopted for the Moon. Kopeikin [23] adopted a liter-
ature value | = 2:822336927 10°m?=s’ from [44], derived by least-squares tting to lunar
surface features. Fienga et al. also consider a surface clock, placed at the Moon's mean radius.
In both works, the LT-TCL rate di erence is directly stated as about 2 :7 us=day. Furthermore,
recalling the IERS Conventions[20], we have TT-TCG de ned by a xed-rate form (as seen

in Fig. 3.2), such that LT-TCL can also be proposed as a xed-rate form; plus an analogous
TCG-TCB approximation:

TT=(1 Lg) TCG
LT=(1 L.) TCL
TCG (1 L¢) TCB;

where L is a de ning constant and L ¢ is the average value for 1 dTCG=dT CB as per IERS
numerical standards[20]. L is derived from | as in [23]. All these can also be expressed as
secular drifts (and are also illustrated in Fig. 4.1):

Le =6:969290134 10 1© =60:2147 s=day
L, = .= =2:7128 s=day
Lc 1:48082686741 10 8 =1:2794 msday

We nd that the secular drift values from both papers are consistent with one another. For
example, the TCL-TT drift of 58 :7 s=day from [24] is recovered from the values provided by
[23] either via the LT node (2:7128 + 56.025 = 58:7378), or through the TCG node ( 1:4769 +
60:2147 = 587378), with signs chosen according to the arrow directions in Fig. 4.1.

4.2.2 Analysis of periodic terms

To isolate the periodic contributions, the linear secular drift of each time-di erence series is
subtracted. For Kopeikin's TCL-TCG timeseries, we digitised their published curves (Figs. 3-4
of [23]) to obtain a record suitable for comparison in our plots. Fienga's TCL-TT timeseries
data was provided to us by her. To keep the comparison fully consistent with Kopeikin's plots,
we map TT back to TCG by scaling the drift-removed series by (1 Lg). We then compare
both time series in Fig. 4.2 over the identical 2020-2022 window used in [23].

The two waveforms in the time-domain agree closely: both exhibit amplitudes at the @6 us level,
and the di erence/residual remains within 0:05us throughout the interval. Minor di erences are
visible as small, quasi-periodic structures in the residual; these seem consistent with bias of our
curve digitization and interpolation rather than a systematic bias in either formulation.

Transforming the INPOP21a data to the frequency-domain is done via the Fast Fourier Transfor-
mation (FFT) { using the python packageSciPy { see Fig. 4.3. In the recovered power spectrum
(for data covering 2019 to 2023) the principal lines closely match with Kopeikin. Discrepancies
are likely due to miss-matching signal length and windowing of the datasets. Even small (sub-
day) changes in the windowing of the 4 years of selected data result in frequency spectra that
look a bit di erent in shape/curvature. Frequencies appearing in the residual (2 years of data
range) are also plotted in Fig. 4.3, and resemble to some extend the main frequencies in the
original signals { while two orders of magnitude weaker.
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4.2 Numerical comparison of di erent literature results 20

Figure 4.2: Time di erence between TCL and TCG, obtained from the integration of INPOP21a
ephemerides between 2019 and 2023 (green), compared with the results from [23] (red) and
the residual between the 2 year TCL-TCG time-series (blue). The secular drift was removed
for each dataset.

Figure 4.3: Power spectrum of periodicities for TCL-TCG from the integration of INPOP21a
between 2019 and 2023 compared with the results from Fig.4 in [23] and the spectrum of the
residual between the 2-year TCL-TCG time-series.
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Additionally, we present the INPOP2la frequency domain plotted versus period (Fig. 4.4),
computed from the complete 24-year simulation dataset provided to us. To obtain the correctly
scaled amplitudes in units of seconds the FFT was normalized withAx = (2 =N)jXkj where X
is the FFT of the time-domain dataset x of length N .

Table 4.1 lists the periods and amplitudes t to the period representation. The principal lines
match within our uncertainty to periods built from luni-solar arguments ( M;M %D;F) { as
proposed and done in [23]. The lunar-solar arguments are:

M { Moon's mean anomaly (anomalistic month  27:55d)
M ©{ Earth's mean anomaly (annual phase 1 year)

D { Moon's mean elongation (synodic phase 2953d

F { Moon's argument of latitude (draconic month  27:21d)

~
~

In lunisolar theories and ephemeris expansions, periodic terms appear as integer combinations
niM + noaM %+ n3D + nsF and generate the characteristic frequencies seen in time series and
frequency analysis.

The only period predicted by Kopeikin (compare with Table 2 in [23]) that we do not recover
isat2D M + M?® 2926d. This analytically predicted amplitude would also be quite low,
and likewise was not found by Kopkeikin's numerical simulation (10 years of data). Kopeikin's
numerical treatment also could not resolveM M9 29:80d, whereas we could.

Figure 4.4: Spectrum of periodicities for TCL-TCG from the integration of INPOP21a between
2000 and 2023 expressed in terms of Period (days).
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Table 4.1: Major period terms in TCG-TCL and TT-TCL: the rst and second columns list
the periods and their values in days, the third column shows the amplitudes, and the last
column gives the luni-solar arguments as associated with these periods.

Periods Period Amplitude  Luni-solar

day day s arguments
27.5610 0.0589 0.4778 M
13.7775 0.0016 0.0130 2M
9.1852 0.0325 0.0005 3M
31.8023 0.0488 0.0971 2D-M
14.7668 0.0083 0.0491 2D
9.6136 0.0002 0.0031 2D+ M
364.8082 0.9782 0.0136 M
173.1869 0.1800 0.0014 2F - 2D
205.7794 0.0641 0.0057 2D - 2M
15.3865 0.0014 0.0036 2D - M
14.1953 0.0211 0.0006 2D+ M’
29.8072 0.0035 0.0030 M- M
25.6291 0.0002 0.0026 M+ M
34.8431 0.0109 0.0047 2D-M- M

4.3 Further discussion regarding TCL

In summary for this chapter, we established that the formulations of Kopeikin et al.[23] and
Fienga et al.[24] are consistent: despite using di erent ephemerides (DE440 vs. INPOP21a)
and implementations (explicit transformation, Eq.4.2, vs. dierential-rate form, Eqg.4.6), the
resulting time di erence signals agree within our uncertainties; see Table 4.1.

What would merit further study are the periodic components seen in the residual (Fig. 4.3)
and why they resemble the original frequencies found in the signals. Because we only had
access to Kopeikin's nal plots (rather than the underlying time-di erence dataset), an identical
processing chain could not be applied. A de nitive test would regenerate the DE440 dataset from
scratch and repeat the analysis with strictly matched processing (identical time span, sampling,
detrending, windowing to the same day-fraction of the start and end day, and normalization)
before comparing time series and spectra. Having a residual with a data span longer than 2
years would also be more insightful for frequency analysis. Otherwise, complementary checks
(e.g. coherence/cross-spectral analysis with the luni-solar arguments) could help pinpoint the
origin of the lines in the residual. Since DE440 and INPOP21a have inherent di erences in their
construction (as mentioned in Sect. 3.3.2), di erences in the signals are expected anyway and
therefore should manifest in the shape and form of the residual as well.

Finally, the choice of a practical lunar time scale for future missions remains an open question.
However, a necessary requirement is that any precision time scale suitable for navigation { where
nanoseconds correspond to meters { maintains a convenient and consistent link to established
Sl de nitions. For a lunar navigation system, this means that clocks within the LCRS must
either be directly synchronized to the LCRS attached TCL or advance according to seconds
with a known and xed rate o set from Sl seconds as realized by the TCL (similar to how TT
and TCG are xed rate-o set). Since the speed of light c is exact, the choice of time-scale also
de nes the unit of length (and any other units dependent on the length-scale, like the mass
parameter GM tted for each planet in the solar system ephemerides). As such, any deviation
from TCL implicitly alters the meter as seen in the Moon's inertial frame, unless a compensating
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4.3 Further discussion regarding TCL 23

rescaling is applied. Furthermore, any clock system on the Moon that distributes Earth time {
e.g., compensates in some way for the periodic variations shown in Table 4.1 { would result in
seconds that are not constant in cislunar space.

There are three contenders for lunar time-scale realizations: one option is to adopt TCL alone
as the coordinate-time standard (as [45] suggests); another is to introduce a TT-like lunar time
(LT for the English abbreviation, or TL for the typical French-style abbreviation) tied to a
standardized lunar equipotential surface (a\selenoid"). A third possibility is to apply a xed
rate scaling to TCL such that the secular drift compared to TCG is removed and only the
harmonic terms remain, as suggested by Fienga et al. in [24]. Either way, we now turn our
attention to clocks on the lunar surface.
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5 Timing on the Lunar Surface

In this chapter, we begin by generating lunar maps that quantify the gravitational redshift
experienced by stationary clocks on the Moon's surface (Sec. 5.1). From this we infer the
corresponding requirements on clock performance (Sec. 5.2). Next we discuss how non-stationary
rovers are described and how the Moon Orientation Parameters might have an e ect (Sec. 5.3).
Finally, we conclude with a discussion of further considerations and open ideas (Sec. 5.4).

5.1 Stationary red-shift maps

We start this Section on the red-shift maps by describing the underlying datasets used (Sec. 5.1.1).
We then present the resulting red-shift maps for the Moon (Sec. 5.1.2), followed by analogous
results for the Earth (Sec. 5.1.3) as a useful point of reference.

To compute the redshift of clocks placed on the Moon's surface, we employ thpython package
pyshtools [46] { the python interface for SHToolg47] { which provides a wide range of functions
and utilities for working with spherical harmonic models. For the basic data work ow, we took

inspiration from the shtools tutorial jupyter notebook Introduction to Gravity and Magnetic

Field Classeg48]. For the further 3D visualisations presented below we uselotly [49] { an

open sourcepython library for interactive plotting and graphing.

5.1.1 Topographical and gravitational data used

To construct a map of the gravitational redshift on the lunar surface, both topographic and grav-
itational eld data are required. These datasets are accessed through th@yshtools datasets
module. As a rst step, we load the lunar topography model LDEM128[50] in the principal axis
(PA) coordinate system. We visualize it using the plotting functions provided by pyshtools ,

after subtracting the mean lunar radius of r 0on = 1738000 m and projecting the resulting to-
pography in a Mollweide projection, using the optional python packagecartopy [51], see Fig. 5.1

Setting up a software environment for this work ow using the Mollweide projection with no
package version con icts proved to be non-trivial. We used anUbuntu 24.04 virtual machine
running on WSL (Windows Subsystem for Linux). We created a dedicated virtual environment
with python 3.12.3 to host the Jupyter server (accessed via ouv'S Code Development Envi-
ronment). Within this system, the package versions speci ed were installed using thepython
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package managemip . It should be noted that this environment was not compatible with the
separatepython environment used below (Sec. 6) with theGODOdimulation tool.

Next, we load the lunar gravity model GRGM900C[52] { a high-resolution degree-900 model
derived from NASA's GRAIL primary and extended mission data, provided in the principal
axis (PA) reference frame consistent with the topography dataset. To visualize and use the
gravity eld, we compute a lunar geoid (Fig. 5.2) using the pyshtools geoid() method. For
this purpose, we adopt an arbitrary reference potentialug = 2:82100 10° m?=s?, chosen close
to the value observed at the mean lunar radiusr meon. The function expands the gravitational
potential in a Taylor series on a spherical reference surface of radiusnoon and solves for the
height above this idealized surface to the reference potentialg. The algorithm also accounts for
the pseudo-rotational potential through the Moon's angular rotation rate, and can optionally
reference the geoid to a attened ellipsoid de ned by semi-major axisa and attening f (as done
below in Sec. 5.1.3 for the Earth).

Figure 5.1: Lunar Topography, obtained from the LDEM128[50] spherical harmonic model, based
on Lunar Orbiter Laser Altimeter (LOLA) data obtained by the Lunar Reconnaissance Orbiter
(LRO) mission and terrain camera data from the Kaguya mission[50]. Mollweide projection
with central longitude chosen as 0 { the Earth-facing side is centered.

Figure 5.2: Lunar Geoid (with up = 2:82100 10°m?=s? arbitrarily set), obtained from the
GRGM900C[52] lunar gravity model in the principal axis coordinate system, from GRAIL
primary and extended mission data.

25



	Contents
	1 Introduction
	2 Revival of Lunar Exploration
	3 Relativistic Time-Scale Framework
	3.1 International Astronomical Union Resolutions
	3.2 From Relativity to proper time and coordinate time
	3.2.1 Coordinate time with the 1PN metric
	3.2.2 Beyond 1PN

	3.3 Ephemerides and simulation tools
	3.3.1 What are ephemerides
	3.3.2 Differences between ephemeris families
	3.3.3 Keplerian orbital elements
	3.3.4 Orbit modeling tools

	3.4 Earth time laboratories establishing TAI and UTC
	3.5 GNSS system times
	3.6 Clock properties: accuracy vs. stability

	4 Definition and Computations of Lunar Coordinate Time
	4.1 Definitions of the TCL transformation
	4.2 Numerical comparison of different literature results
	4.2.1 Secular drifts
	4.2.2 Analysis of periodic terms

	4.3 Further discussion regarding TCL

	5 Timing on the Lunar Surface
	5.1 Stationary red-shift maps
	5.1.1 Topographical and gravitational data used
	5.1.2 Generated time-drift maps in 2D and 3D
	5.1.3 Comparison with similar Earth maps

	5.2 Clock requirements
	5.3 Moving clocks and rotating frames
	5.3.1 Proper time for rovers (and orbiters)
	5.3.2 Sagnac effect
	5.3.3 The role of the Moon Orientation Parameters

	5.4 Remarks and outlook on further research questions

	6 Timing in Orbit
	6.1 Relevant equations for the proper time of moving clocks
	6.2 Elliptical Lunar Frozen Orbits
	6.3 Proper time computations using the different formula forms
	6.4 Remarks and outlook on further analysis

	7 Summary
	Acknowledgments
	References
	Acronyms
	Appendix
	A Relative Frequency Drift around Moon's South Pole
	B Comparing lunar gravitational red-shift result with literature
	C Plots of Earth topography and gravity field data
	D Additional harmonics found for the proper time of an ELFO orbiter


