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Abstract

The pulsar timing model, which compares the expected and actual arrival times
of signals from a pulsar, would open the window for an accurate determination of
black hole parameters and enable new tests of General Relativity (GR), especially
in cases where a pulsar closely orbits the galactic center supermassive black hole,
SgrA*. An important relativistic effect to consider in the timing model is the
propagation delay in pulse arrival caused by the black hole’s gravitational field. In
this work, we derive an exact analytical formula for the propagation delay in a
Schwarzschild spacetime, assuming the pulsar’s mass is negligible compared to the
supermassive black hole. Additionally, we obtain a solution for the angle of emission,
p. To evaluate the accuracy of existing models, we compare our result with three
analytical approximations, particularly those proposed by Beloborodov, Poutanen
and Beloborodov, and La Placa et al. While the first two approximations show
deviations near superior conjunction, the third approximation is more reliable for
edge-on orbits. We modify and assess the accuracy of the original k-values by fitting
k1, ko, and k3 for different radii and propose new values for the case we considered.
Our findings indicate that for (nearly) edge-on orbits, the exact propagation delay

formula should be used.

Keywords: Black holes — Light propagation — Pulsars — Pulsar timing
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Chapter 1

Introduction

Supermassive black holes, like the one in our Milky Way galaxy are massive, highly
dense objects located at the centers of most galaxies. Black holes with a mass of
more than 10° solar masses (M) are classified as supermassive black holes; some
black holes have masses as high as several billion M. Sagittarius A* (SgrA*) is the
supermassive black hole hosted at the center of our galaxy with a mass of about 4 x 10°
Mg [2, 3]. This supermassive black hole can be used to test for important features
like the existence and shape of a black hole shadow[4, 5], the cosmic censorship
conjecture[6], or the no-hair theorem[6-8]. The gravitational field of Sgr A* can be
studied by observing the movement of nearby stars which would improve the accuracy
of its mass estimate, its spin magnitude, and its corresponding orientation[6, 9]. An
accurate determination of the black hole parameters, exploration of the gravitational
field, and new tests of General Relativity (GR) would be possible by observing
pulsars closely orbiting the supermassive black hole at the galactic center [10].
Pulsars are rapidly rotating neutron stars (NS) with stable rotation, giving radio
emission, and about 10% with a companion[11]. These neutron stars are compact
objects formed following the explosion of massive stars. Pulsars are classified into
various types, including rotation-powered pulsars (RPP), magnetars, X-ray dim
isolated neutron stars, accretion-powered neutron stars (such as X-ray bursters), and
central compact objects[12, 13]. Pulsars can be isolated or in binary systems with
white dwarfs, other neutron stars, etc[14]. Radio pulsars are neutron stars that emit
beams of radio waves, observed as regular pulses corresponding to their rotation
period. Their broadband emission extends from radio waves to GeV and sometimes
TeV energies, with pulsations in different bands often arising from distinct regions[15].
Binary pulsars have enabled precise tests of various general relativistic effects, such
as orbital period decay due to gravitational wave radiation [16, 17]. Additionally,

due to their exceptional precision as cosmic clocks, pulsars offer insights into a wide



range of astrophysical phenomena, including the internal structure of neutron stars
(NS) [18], the density of the interstellar medium[19], dark matter properties[20], and
the gravitational wave background (GWB)[21].

There is expected to be a large population of neutron stars in the galactic center,
on account of the high stellar densities, large molecular complexes, and the known
population of young massive stars and stellar remnants[22-24]. However, detecting
a pulsar in a close orbit around Sgr A* has proven challenging. The estimated
number of ordinary neutron stars near Sgr A* with orbital periods below 100 years
is approximately 1,000, while those with periods under 10 years are estimated to
be around 100 [25]. Yet, alternative estimates based on non-detection suggest only
about 90 ordinary pulsars in the central parsec [26]. More recent studies indicate
there could be a large number of millisecond pulsars in the galactic center, with up
to 10,000 of them possibly pointing their signals toward Earth [27]. Efforts to study
the spacetime around Sgr A* also include near-infrared observations at distances of
a few hundred Schwarzschild radii [28, 29] and detailed imaging of the event horizon
using (sub-)millimeter telescopes with very-long baseline interferometry [5]. However,
the expected high sensitivity of next-generation radio telescopes, like the Square
Kilometer Array [30], the Five-hundred-meter Aperture Spherical Telescope [28], and
the NASA Deep Space Network [31], could help overcome problems caused by high
plasma density and strong magnetic fields in the galactic center.

Most of these studies mentioned above used the pulsar timing technique. It
enables a highly accurate determination of the physical and orbital parameters of
the neutron star [32, 33]. Pulsar timing involves carefully monitoring the times of
arrival (TOAs) of radio signals or pulses released by pulsars that are observed on
earth. The accuracy of TOA measurements for young pulsars near the Galactic
Center (GC) with future telescopes will primarily be affected by three factors, each
with distinct dependencies on observing frequency: the signal-to-noise ratio of the
detected pulses, the intrinsic pulse phase jitter of the pulsar, and the changes in
pulse shape due to interstellar scintillation [34, 35]. The pulsar research community

currently relies on three primary data analysis packages for TOA analysis, that is,



TEMPO [36], TEMPO2 [37] and PINT [38]. The effectiveness of this method was
first demonstrated with the binary system PSR B1913+16, where its orbital decay
matched the predictions of General Relativity (GR) to within 0.5% accuracy [39].
The observed accumulated shift of its periastron was remarkably consistent with GR.
Over time, pulsar timing has become a powerful tool for testing GR and exploring
possible violations (e.g., [40, 41]) and as a result, many alternative gravity theories
have been significantly constrained or even ruled out (see [42] for a recent review).

A study conducted by Damour and Deruelle (DD) [43] on a widely adopted timing
model that includes all relativistic effects in the dynamics of a binary system up to
the first post-Newtonian level has allowed the scientific community to perform self-
consistent tests of gravity using the parametrized post-Keplerian (PPK) formalism.
Their study presented the closed-form solution to the relativistic first post-Newtonian
(PN) two-body problem, allowing for its direct application. The DD model represents
a collection of pulsar timing formulas that use the DD framework to describe the
binary orbit. This orbit can be characterized as either Keplerian or post-Keplerian.
Additionally, a post-Newtonian spacetime description is typically employed to account
for relativistic effects on the emission and travel times of photons emitted by the
pulsar. This approach typically relies on the assumption of a weak gravitational field,
characterized by 7,/r < 1, where r, = GM /c* is the gravitational radius. For most
binary systems with pulsars, r,/r is usually around 107°. However, in the case of a
pulsar closely orbiting a supermassive black hole, r,/r can reach values as high as
1072, As a result, the validity of the post-Newtonian approximation, which relies on
the weak-field assumption, must be carefully evaluated, particularly when the black
hole is (nearly) aligned with the line of sight to the pulsar.

Hackmann and Dhani [10] derived an exact analytical formula for the propagation
delay in a Schwarzschild spacetime. This paper highlights that for (nearly) edge-on
orbits, the Shapiro delay with a lensing correction deviates significantly from the
exact propagation delay. For Sgr A* the maximum difference (superior conjunction)
between the exact (analytical) formula and the sum of the single post-Newtonian

delays reaches approximately ~ 1s for a pulsar orbiting at a distance of r =



102 — 103M, with M, where M is the mass of Sgr A*. For inclined orbits, the
difference decreases rapidly, to about ~ 107!s for an orbit with the same radius
but an inclination of 7/3. Furthermore, Bilel and Hackmann [1] analyzed the effect
of a comparison between an exact analytical solution for the frame-dragging delay
and two post-Newtonian derivations. The results showed that post-Newtonian-
based treatments overestimate the frame dragging effects on the lightlike signals, in
particular around and after superior conjunction.

This work uses the pulsar timing model to investigate the time-frequency signal
from a pulsar in orbit around a supermassive black hole. The black hole will induce
strong relativistic effects on the pulsar’s orbit and emission in an extreme mass ratio
system. These relativistic effects within a supermassive black hole’s gravitational
field can impact pulsar signal arrival periods. Hence, it provides an opportunity to
investigate the mass and spin of the black hole, thereby enhancing our understanding
of pulsars and the supermassive black holes they orbit. In the weak-field limit, there
are three key time delays: the Roemer delay, the Shapiro delay, and the Einstein
delay. These delays are important in both the Solar System and pulsar binary
systems. In a pulsar binary system, the Roemer delay occurs because the pulsar’s
orbit around its companion changes the distance between it and the observer. The
basic effect on the signal emission is the Shapiro delay [44-47] which accounts for
the modified velocity of light in the curved spacetime caused by the bending of
light due to the gravitational field, such as that of the Sun in the Solar System or
the pulsar’s companion in a binary system. It is calculated using the weak-field
approximation by solving the geodetic equations and is well understood up to the
2PN order. Corrections to account for lensing and geometric effects have also been
developed [48]. The Einstein delay, on the other hand, arises from the difference
between proper time and coordinate time, both at Earth (in the Solar System)
and at the pulsar (in a binary system). This difference is due to the effects of the
companion’s gravity and time dilation. Lastly, the combined contribution of the
Roemer and Shapiro delays is sometimes referred to as the ”propagation delay.”

Propagation delay as it relates to pulsar timing is the amount of time it takes for



pulsar signals to pass through the curved spacetime in the vicinity of the black hole
as compared to the propagation time from a reference position[14]. With accurate
timing measurements, researchers can gain insights into the dynamics of harsh
environments detecting the aberrations brought on by the black hole’s gravitational
pull. The gravitational pull of a supermassive black hole can affect it, which plays a
key role in pulsar timing. Time appears to move more slowly in larger gravitational
fields due to time dilation caused by a strong gravitational field near the supermassive
black hole. The measured pulse arrival times may be impacted if this influence causes
a delay in the pulsar signals’ reaching the observer. The primary focus of this thesis
is to study pulsars in the framework of Schwarzschild spacetime. We derive the exact
analytical solution for the propagation delay of the pulses and compare it with the
corresponding post-Newtonian approximations. We derive the solution for the angle
of emission.

The rest of this thesis covers the following: In Chapter two, we review the
equations of motion for lightlike geodesics in Schwarzschild spacetime. We present
an analytic solution for lightlike geodesics in Schwarzschild spacetime and determine
the propagation time of a signal from a given spacetime position to an observer at
infinity. Since pulsar timing detects only differences in delay along the pulsar’s orbit,
we measure the propagation delay rather than the absolute propagation time[10]. In
chapter three, we review the weak field approximations of the propagation delay up to
the second post-Newtonian order. Chapter 4 reviews the analytical approximations
used in this work. We compare these approximations to the exact results and analyze
their accuracy. We close the thesis with a summary and outlook for further study in

chapter 5.



(a) The first direct image of a supermassive black hole in the core of Messier
87[49]

(a) Rotating pulsar, a rapidly spinning neutron star emitting beams of electro-
magnetic radiation.

Figure 1.1: Astrophysical Compact Objects



Chapter 2
Geodesic Motion in Schwarzschild

Spacetime

In this work, we assume the full general relativity framework to describe both the
motion of the pulsar around the supermassive black hole and the propagation of
photons emitted from the pulsar to the observer in Schwarzschild metric. The most
important tool is the geodesic equation. The lightlike geodesics are the worldlines
of classical photons, that is, they tell how light propagates in the spacetime. The
timelike geodesics are the worldlines of freely falling massive particles; e.g., we may

think of planets moving in the gravitational field of the Sun.

2.1 The Schwarzschild metric

For static and spherically symmetric blackholes of mass, M, the Schwarzschild metric
in spherical coordinates (¢, r, 6, ¢) is
2 2m 02 2m\ ™ 2 20002 1 win2 2
ds"=—[1—— | (d2")*+ (1 ——) dr®+r?(df* + sin Odyp*) (2.1)
r r

where m = GM/c? is related to the mass M of the black hole. In this standard
system, the coordinate variables are time ¢, radius r, polar angle 0, and azimuthal
angle ¢. The coordinate 2° = ¢t is associated with the coordinate time ¢, which due

to asymptotic flatness is the proper time measured by an observer at infinity.

The Schwarzschild metric has three key properties:

e The Schwarzschild metric is asymptotically flat: For large values of r it

approaches the Minkowski metric, which is, the metric of special relativity.

e The Schwarzschild metric is static: it is a timelike killing vector field that is

orthogonal to hypersurfaces.



e The Schwarzschild metric is spherically symmetric: Every vector field that
represents a rotation around a spatial axis is a Killing vector field. For a rotation
about the z axis, the corresponding killing vector field is 0, = 20, —y0, (with (x,
y, z) related to (r, 0, ¢) by the usual transformation from spherical coordinates).
For the remaining spatial axes, it can be demonstrated that (2.2) and (2.3) are

killing vector fields.

0
K@ =48, — 20, = —sinpdy — C?Se cos 0, , (2.2)
KW = 20, — 20, = cos pdy — cost sin 0, (2.3)
‘ Y sin 0 2

2.2 Geodesic motion

Photons travel along paths called null geodesics, which follow the geodesic equation.

F T 3 =0 (2.4)

where x* is the position of a particle in spacetime with © = 0,1,2,3. The term *
is the second derivative of position with respect to proper time (7), representing

the acceleration of the particle in spacetime. The Christoffel symbols are denoted

as I'*

1, representing the connection coefficients. We choose the orbital plane of the

Schwarzschild spacetime geodesics as the equatorial plane 6 = 7 due to the spherical
symmetry. Hence, two constants of motion are related to the energy E and L, which

is interpreted as the angular momentum per unit mass of the photon.

~ dz” 2m\ cdt
—E=-Flc=qgp—=—(1—"—) — 2.5
/€= goo dr ( r ) dr (2:5)
. do
L = gLPLPSO = ’]“2% (26)

The condition for null geodesics gives a third constant of motion.

Gudt'e” =0



From the Schwarzschild solution,

-2

Ts .
G di” = — (1 - —> AR+

+ 1r2p? = ec? (2.7)
,

where the dot denotes a derivative with respect to 7, where 7 is an affine parameter
or the proper time, and € = 0 for lightlike geodesics, € = 1 for timelike geodesics and

e = -1 for spacelike geodesics. Then,

2 .
A o N (S B (B BT
_ 5 rs E? L7 T's
i G Rl () (2.9)
E2 Ts 2 L2
=5 <1 — 7) + (ec + 7"_2) (2.10)
E2

The term V. sf(r, L) is the effective potential for geodesic motion, and the derivation

of an equation for r as a function of ¢ is seen below [50].

dr\ 2 -2 E? 2
(é) = % = C2L2r4 — (r* —ryr) (EL%r? + 1) (2.12)

B2 _ 2 2,
= ngec rt+ Ech 3 — 1y (2.13)
c

The equation of motion for lightlike geodesics in a Schwarzschild spacetime is given

below with e =0

ar\?>  E? , rt
— | = rt—r°+rgr=——r"+ryo = R(r 2.14
() = 2p ; (r) (2.14)
where d = LE2§2 is called the impact parameter, ¢ is the photons angle and note that
( — ’"7) 7% < 1 is a necessary condition for the existence of a physical solution. The



quartic polynomial R(r) has four roots,

R(r) = éo« )= 1) — ) (r — 1) (2.15)

with 71 < rg < 19 < r3 if all roots are real, and ry = 0. The r; is always real
and negative, whereas the two positive roots r, and r3 have a double root for
d = dpiy = 27m? at r = 3m. This implies that for d > 27m? we have either a flyby
orbit, which comes from infinity turns at r3 and returns to infinity, or a terminating
bound orbit confined to the region 0 < r < ry. For d < d..;+, we have a terminating
escape orbit which comes from infinity and falls into the singularity at » = 0. The
critical value d.,.;; corresponds to the unstable circular orbit r = 3m, called the photon
sphere. If an object shrinks to a radius smaller than » = 3m, an observer at the
photon sphere would see their back by looking sideways due to strong gravitational
lensing. Also, d = 0 corresponds to purely radial motion.

We transform equation (2.14) into an exact solution using the Jacobian elliptic

function sn. A solution of the general differential equation below

() == k20 =0 (2.10)

where k is a (real) parameter, is given by

=: F(y, k) (2.17)

| vo=r

Tr =

o (1 —y?)(1—k2?)
The function F(y,k) is the (Jacobian) elliptic integral of the first kind. The inverse

of F is the (Jacobian) elliptic function sn,
v = F(y,k) &y = snlp, k) (2.13)

We reduce our problem in (2.16) by a general substitution of the form

any* + 6

2.19

10



where «, 3, and n are parameters that hold for k2 > 0 and are chosen differently for
different types of orbits. The rule is: when integrating between r, (the finite radial
turning point) and r, (the maximal radial turning point), where r, and r, are zeros
of R(y), we should set 7, to zero and r, to one. This means that

any® + 0

an+
r, — — =
b ny? + 1

n+1

ly=0 =8, Ta (2.20)

Then « is chosen as a zero which is not 7, or r,. Assume a flyby orbit. From our
polynomial R(r) with four real zeros r; < 0 < ry < r3 with r, = r3 and r, = 71, we
choose r, = r3 = 3, and o = 73 leading to

Ton + T3 T3 — T

=, = 2T o Vr, = & on = 2.21
o] T ] (n+ 1)m ron + T3 n —— ( )

This results in the substitution

o —7‘2:2:2?J2 +r3 _ roy?(r3 — 1) — 13(r9 — 71) (2.22)
— eyt 1 y*(rs —r1) — (ro — 1)

Applying this substitution to our differential equation R(r) with r(¢g)= 7,, we find

the result

(@) _ r3(r24; Tl)[k;zy“ A+ 41, y(g) =0 (2.23)

where

L2 — ra(rs —r1)

ra(ra —11) (2.24)

Then, the solution for lightlike geodesics in Schwarzschild spacetime is

y = sn ( %(w — ¢0), k) (2.25)

An example of lightlike geodesics is shown in the figure below

11
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Figure 2.1: Lightlike geodesics in Schwarzschild spacetime. Flyby orbit with d = 80.
Here, G = ¢ = M = 1. The small circle indicates the Schwarzschild radius r, = 2.

2.3 Propagation delay in Schwarzschild spacetime

In this work, we consider a pulsar orbiting a supermassive black hole. For this
purpose, we revisit the geometrical framework introduced by [10], which forms the
basis for this thesis. Because of the large difference in mass between the two objects,
we can treat the pulsar as a test particle and assume the center of mass is at the
center of the black hole. We set the origin of our coordinate system (X, Y, Z) with
the black hole at the center so that the Z-axis aligns with the line of sight from the
observer to the origin. In this case, the X-axis is defined by the ascending node of
the pulsar’s orbit relative to the plane of the sky. The inclination ¢ of the pulsar’s
orbit is measured relative to the plane of the sky, which corresponds to the X-Y

plane of our coordinate system (see Figure 2.2).

12



\ periastron

plane of sky

Figure 2.2: Orientation of the black hole—pulsar system in the sky with respect to
an observer [1].

To calculate the time delay (2.30), we need the pulsar’s radial distance r. and its
impact parameter d. The impact parameter d is derived from the pulsar’s position
(re, @e) in the plane shared by the pulsar, observer, and black hole, using a differential

equation for the angle ¢.

(j—@) — R(), rlge) =7, (2.26)

(p:/L:mLi%dr
“ JL,VRG) Ju VRO) ) /RO

where ¢ = 0 was assumed at the observer position. A grid of impact parameters

(2.27)

was used, and the corresponding angles of the photon’s trajectory ¢, (for a fixed
re) were calculated analytically using the Jacobian elliptic integrals explained in
Appendix A. We chose values for r., r,, and calculated Y, and Y, for respective orbit

types where Y, and Y, are normalized values that represent the relative position

13



of r. and r,, that is, the point of emission and some reference point of observation.
We analytically derived the formula for R(r) in terms of ¢, using the Jacobi elliptic

integral, as detailed in Appendix A.

2
ro(ry —r3) sn (% d(ry — r9)rs3 90‘ k) + r3(re — )

R() = (2.28)

2
(r1 —r3) sn (%\/d(rl — 19)T3 <p‘ k) -7+

A photon following its geodesic from an emission point, E, to an observer at infinity,
has an infinite travel time value (see Figure 2.3). To have a finite quantity, we
calculate the relative travel time delay between a photon emitted at an assumed
reference point along the pulsar trajectory with the corresponding impact parameter
d,ef. Since we are interested in the arrival times of photons as measured by an

observer at infinity, in the Schwarzschild metric we have

C(ts — 1) = /7 T (2.29)

_ /°° r2dr N /” r2dr (2.30)
o d(L=2)V/R(r)  Jro d(1-2)\/R(r)
where t, corresponds to the time of emission at the radius of emission r. and ¢, is
the time of arrival at r = co. The integration path v begins at r, and then moves
to the turning point r3 for a flyby orbit, which first decreases in radius or moves
directly to r = oo. This means that if r is always increasing, we use the minus sign
in (2.30); otherwise, we use the plus sign. Also, when d < d..;, r3 becomes one of
two complex conjugate roots, but the full expression still turns out to be real[51].

The integral in (2.30) can be solved exactly in terms of elliptic integrals and the

details of the calculation can be found in Appendix A. The result is

%(ta —t.) = T(c0,d) + T(re, d) (2.31)

14



with T(r, d) given by

2 3 1
T(r,d) = r3(re — 1) [ (T2 —2 " 5(1”3 mr) 4)> Fla. k)
— %7”3(7“2 —r)E(x, k) —2(r3 — o)1 (:r;, lz—l, k)
(2.32)
B 8(r3 —r2) i d/R(r)
(rs — 2)(r — 2y L2 )| 07 s

4 9n (\/7“(7“ — )+ \/(7“—7“3)(7"—7“2)> ’
Vi —r1) =/ (r —r3)(r — o)

refer to (A15). Here, z is related to r by (A2), k is defined in (2.24), and ¢y, ¢, are
given in (A6). The zeros of R(r), namely ro, 71,79, 73, are the same as in (2.15).
All quantities in equation (2.32) are made dimensionless, which is why the factor
¢/m appears in (2.31). The Jacobian elliptic integrals F', E, and II are defined in
(A8)—(A10). The time to reach infinity diverges. The normalized impact parameter
d must be determined from the emission position. In numerical integration, it is not
straightforward to isolate and cancel the diverging parts of the integral relative to a
reference point. In the analytical solution (2.32), the divergence comes from the last
two terms, which involve r + 21In(r), as shown in (A20) and (A21). These diverging
terms, independent of the impact parameter d, will cancel when considering the
travel time delay with respect to a reference point using their Taylor expansions[10].

The propagation time delay is given as the difference between the time delay of a

signal from the actual position of the pulsar and some reference point.

Atex(r& gpe) = (ta — te)(rm 906) - (ta - tE)(rrefa Qpref) (2'33)
- %[T(oo, d,) £ T(r..d,)] — %[T(oo, dyes) £ T(rres, dres)] (2.34)

where d. = d(re, @) and dref = d(Tref, Pres)

The finite difference between the arrival times of signals from the pulsar as it orbits
the central supermassive black hole is only considered. However, the diverging terms

in T (oo, d.) and T(co,d,es) directly cancel each other, as in (A15).
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y—trajectory

—»

Blackhole Observer

Figure 2.3: Example of photon trajectory
The photon is emitted at E with radius R, the angle of the photon trajectory ¢, o is
the angle between the radial direction and the initial direction needed for the photon
to reach the observer at infinity parallel to the line of sight with the corresponding
impact parameter d.
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Chapter 3
The propagation delay in the weak field

regime

v m

In the weak-field approximation, (where ¥ ~ ™ < 1 with the velocity v and the
radius r of the particle), the propagation time delay consists of the Roemer delay,
which is the time it takes for the signal to travel across the orbit, and the Shapiro
delay (calculated to the first post-Newtonian order), which arises from variations in
the three-velocity of light in the gravitational field. Typically, pulsar timing models
account for only these two effects. Other effects, such as the geometric delay A,
account for the signal’s curved path through spacetime, and a second-order Shapiro

delay comes into play at higher precision (second post-Newtonian order).

3.1 The weak field metric

We recall the assumptions that lead to the Newtonian limit, which include[50]:

(N1) The gravitational field is weak, meaning it deviates only slightly from the

Minkowski metric (7,,):

G = N + h,uu (31)

where h,,, is so small that we need only consider terms of the first order in Ay,

and 0,h,,.

(N2) The gravitational field is time-independent:
dohyw =0 (3.2)

That is, the gravitational field is assumed to be constant over time.
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(N3) The velocity of particles is small, that is,

Ui

Cc

7| < [2°] = i (3.3)

]':.0

where v' = dd—“: denotes the three-velocity. The equation describes a regime
where the particle’s velocity is non-relativistic, meaning it is much smaller than
the speed of light (v < ¢). In this approximation, the spatial components of
the velocity are much smaller than the time component of the 4-velocity, so

relativistic effects (such as time dilation and length contraction) are negligible.

(N4) The mass is static, and only the mass density (1) generates the gravitational
field:
Too = C2M> To;=0, Tix=0 (3-4)

where Tyy = c?u represents the energy density, Tp; = 0 corresponds to the
momentum density (which is zero because the mass is static and has no motion),
and T;, = 0 corresponds to the stress components, such as pressure or shear

forces, which are negligible in this approximation.

For the Schwarzschild metric (2.1), the first condition is satisfied if r is large compared
to rs. The second and fourth conditions are satisfied everywhere, and the third

condition gives no restriction on the metric. The equation below

e (1429) »

holds in the Newtonian limit, and is valid for the Schwarzschild metric when r is

sufficiently large. Hence, with the spherically symmetric Newtonian field ¢(r) = — Gﬂ” ,
we find
s 2GM 2GM
_<1_T_):_<1_ 5 > = 1y = > (36)
r c’r c

where G = ¢ = 1. This demonstrates that the mass M of the central body determines
the integration constant r;. M can be measured based on Newtonian theory at a
sufficiently large distance from the center. 7, is called the Schwarzschild radius or

the gravitational radius of the central body. For positive M, the Schwarzschild radius
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rs is positive. If the radius R of the central body is smaller than the Schwarzschild
radius, R < rg, a zero occurs in the denominator of the Schwarzschild metric (2.1).
For normal celestial bodies, we have R > r,; ensuring that the Schwarzschild metric
remains regular throughout its domain of validity. For the Sun, r;, = 3km, and for
the Earth, ry ~ lcm. In harmonic coordinates, the Schwarzschild metric can be
approximated in the weak field regime up to the second post-Newtonian order as

follows [47]:

2 2 2 2000 ] ) ) 2 2 ) ]
ds? = — 1——m—i-ﬂ Cth2—|—mxxdm’dx]+5ij 1—|——m—|—m— dx'dx’
r? r r2

(3.7)
where terms of v%/c® are neglected, and r = |:;| is used. This simplifies the first

post-Newtonian order as:

c2

20 20
gs? — (1 . g) 2ai? + (1 - —) (%), (3.8)

by neglecting terms of order v3/c® and using (d7)? = da? + dy* + dz?, where

O(7) = —GTM represents the Newtonian gravitational potential of the supermassive

black hole. The normalization condition for null geodesics g, dz*dz” = 0 can be

expressed as

1 1
20\ 2 20\ 2 | 20 .

which simplifies to (3.10) by integration.

C(ty— 1) = L g (1 - 2‘{’3@) iF (3.10)

Here, r_g and 7“_a> represent the points of emission and arrival at times ¢, and t,,

respectively. In the first-order approximation, the signal is assumed to travel in a

straight line from the pulsar to the observer.

t— 1,
f(t) =Te +t t (ra - re)- (311)
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The integral in (3.10) then reduces to

a

2GM [t dt
c(ty —te) = |ra —re| + / 3.12)
¢ S T (
e 20M ) |7 (Fa = )|+ |Ta — T2 + [Tl = 72 (313)
o R SR fprd '

clre — ¢

Assuming c(t, — t.) = |r, — re| and |r,| & |re|, we obtain

2GM 2l7e
ta—to) = |Te =70 1 a . 3.14
o=t = =7+ 5 (i) 1

where 7 = 7, /|72| is the unit vector pointing towards the observer. We can neglect
all constant contributions to the time delay for pulsar timing purposes since they
only result in a constant shift that cannot be detected. The first term in expression
(3.14) corresponds to the Roemer delay. Its time-varying component represents
the time of flight across the orbit and can be approximated as —7¢ - 7, with

—Te - W = —rsinisin(w + ¢).

3.2 The Roemer and the Shapiro delay

Based on the weak-field propagation delay in pulsar timing derived Blandford and

Teukolsky [45], the Roemer delay is expressed as:

a(l — e?)sinisin(w + @)

Atp = c(1+ ecos @)

, (3.15)

where i is the inclination of the orbital plane with respect to the plane of sky, a is
the semi-major axis, w is the argument of periapsis, ¢ is the argument of the pulsar’s

position, and e is the eccentricity of the orbit. The Shapiro delay is

2GM 1+ ecos¢
= In

At :
5 c3 1 —sinisin(w + ¢)

(3.16)
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The Roemer delay vanishes at ¢ = —w , while the Shapiro delay vanishes at

—e —sinzsinw
¢ = arctan { — ] (3.17)
sin ¢ cos w
For circular orbits where e = 0, we also have ¢ = —w, representing the ascending

node. The reference point is where the time delay is zero. The formula (3.16) diverges
for edge-on trajectories with 7 = 7 at superior conjunction, when w + ¢ = 7. This
happens because light passing through a central object encounters an infinitely deep
gravitational potential. To fix this, we use the lensing path introduced by Lai and
Rafikov [52] and updated by Schneider [53]. The generalized result is:

2GM 1—¢?
Ats’[: G In a( 6)

3
S V(A R P

where r+ is the approximate position of the image of the source in the plane of the

(3.18)

sky,

AR?
Ty =T, (1 +4/1+ —|§> : (3.19)

and 77 is the projection of 7, onto the sky plane,

= 77;\/1 — sin? i sin?(wg). (3.20)

Here, Rg denotes the Einstein radius, which is approximately given by R% = 4f2M

sin ¢
at superior conjunction, while the magnitude of the emitter’s position vector is

7. =a(l —e*)/(1+ esinw).

3.3 The Geometric Delay

The geometric delay is the extra time a light ray takes to travel along a curved
path within the gravitational potential of the black hole, compared to a direct
straight-line path. This delay is only considered when the pulsar is on the far side of

its orbit around the black hole. The geometric delay is largest when the pulsar is
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directly behind the black hole. To first-order approximation, the light ray’s path is
approximated as a straight line from the emission point to the closest approach to
the black hole and then from there to the observer. The delay is calculated as the
difference between the length of this curved path and the direct straight-line path
from the pulsar to the observer.

La Rafikov gave the expressions for the geometric delay. This delay to the first

order is given by [52]

Atgeo = i (3.21)

_ 2GM [|ry — 14 2
3

If Rg is much larger than |rg|, then |ry — rs] — Rp, causing the two images to form
an Einstein ring. On the other hand, when |r,| > Rg, we get |ry —ry| — R%/|r]

and |r_ — rg| — |rs|, with the -’ image being very faint, making its contribution

negligible.

3.3.1 The second-order Shapiro delay

The second-order Shapiro delay, as derived by [47], can be written in the second

post-Newtonian order as:

GM 1 cosp.  1dp. .
Atopy = —— | —4 e s
ANy < <1 + cos cpe> * 4 N g e >

where ¢, is the angle between the emission position vector 77; and the receiver
position vector 7, and r = a(l —€?)/1 + ecos p. From the expression, we observe
that at inferior conjunction (¢, = 0), the last term remains finite, while at superior

conjunction (@, = ), the first term diverges.
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Chapter 4
Analytical Approximations in
Schwarzschild Spacetime: Results and

Discussion

In this section, we explore three analytical approximations that have been widely used
in scientific studies involving the impact parameter d and the time of flight of signals.
These approximations have proven useful in various contexts, such as calculating the
bending of light around massive objects. However, they have not yet been applied to
studying propagation delays in pulsar timing. Although these methods may provide
reasonable accuracy for some calculations, their reliability in predicting time delays
remains uncertain. The precision of pulsar timing measurements is important for
testing general relativity and detecting relativistic effects, such as gravitational waves
or variations in spacetime curvature. If these approximations introduce errors in
time delay calculations, they could limit the accuracy of analytical timing models
when compared to more precise post-Newtonian approaches. Hence, to determine
whether these approximations work well for pulsar timing, we need to compare them
with more precise numerical methods. Further analysis is needed to assess their
limitations and identify any potential corrections that could improve their accuracy.

Beloborodov presented a simple formula for the bending angle that replaces the
elliptic integral with high accuracy at radii R > 2r,. The bending effects are well
understood and described accurately, as long as stars with R > 2r, are considered
[54]. We considered the approximate cosine relation in the Schwarzschild metric,
which was proposed, and its effect is described by computing the angle o with respect
to the radius along a photon trajectory. According to Beloborodov, Equation (4.1)

shows high accuracy, which is a key feature of the Schwarzschild spacetime.

1 —cosa=(1—cosyp) <1—T—];> (4.1)

23



where r,= 2GM/c?* is the Schwarzschild radius of the gravitating spherical object of
mass M, « is the emission angle (between the emitted photon and the local radial
direction), ¢ is the angle of the photon trajectory and R is the point of emission (see

2.3). The standard form of this emission angle « is shown below

1 (4.2)

Ty
R

==

sino =

where b is the impact parameter.
Poutanen and Beloborodov [55] proposed an approximate expression obtained

through a second-order expansion in y, as shown below

1 —cosa u?
— =y 14+ == 4.3
1—u y( +112y) (4:3)

where y = 1 — cosp, u = rg/R, and the other symbols as aforementioned. This
approximation is accurate to within 20% for most emission angles and compactness
values. However, in extreme cases, such as when R = 2r; and bending angles are
large (leading to longer delays), the error increases to about 35%. Since time delays
have only a small effect, equation (4.3) is generally sufficient for most calculations
[55].

Another formula of interest was proposed by La Placa et al. [56]. An approximate
equation which holds for ¢ between 0 and 7, considered up to the maximum, o(r,

¢ = 7)) and keeps da/a at 1% throughout:

1—cosar (1—cosyp) (1 — 2:5) [1 + kl% (1 — cos(p — k)" (4.4)
where k1 = 0.1416, ko = 1.196, k3 = 2.726. The values of the k-parameters were
found by fitting the relationship between o and ¢ to the geodesics calculated for
various radii between 6 and 100 r,, and by adjusting the parameters for r = 10r;.

Recall in Section (2.3) were we calculated the exact propagation delay and also
computed the emission angle ¢ as a function of the impact parameter d (see Figure
4.2 for illustration). We used the three approximations introduced in this chapter to

derive an approximate relationship between d and ¢ for photon signals reaching an
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observer at infinity. For this analysis, we consider a pulsar in circular orbit around a
blackhole, emitting signals from fixed radial distances r.. We examined r, = 10m,
100m, and 1000m, while keeping r, (the point of observation) constant. To determine
the maximum impact parameter (dmax), we used the polynomial function R(r), as
presented in Equation (2.14). The value of dy,.x corresponds to the point where the

photon’s trajectory (flyby orbit) touches the pulsar’s orbit, i.e., where r, = r,, with r,

3
Te

being the closest approach to the black hole. Thus, we have dy.x =

— which defines
the boundary where the direct flyby is equal to the indirect flyby. Furthermore, to
assess the accuracy of the approximations, we calculated the difference between the

exact and approximate values of impact d for:

e The terminating escape orbit - d < dyay, in which the photon comes from

infinity and falls into the singularity at r = 0.

e The flyby orbit (direct and indirect) - d > 27m?, in which the photon comes
from infinity turns at r3 and returns to infinity, or a terminating bound orbit

confined to the region 0 < r < rs.

Next, we show plots comparing these approximations at different emission radii to
evaluate their accuracy. Figure 4.3 shows the difference between the exact impact
parameterd and the approximated d derived from the approximation by Beloborodov
(4.1) for r = 10m. The plot shows that this approximation works well for the
terminating escape and the direct flyby orbits for ¢ between 0 and ~ 57 /8. However,
as expected, it does not behave well when the pulsar is behind the black hole, as
seen in the indirect case, particularly between 37/4 to ~ m. This indicates that the
approximation should not be used in this region, as it produces errors. Similar trends

were observed when higher values of r were considered for the circular pulsar orbit.
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Figure 4.1: Plot of change in angle (A,) as a function of impact parameter d for
circular pulsar orbit with Schwarzschild radial coordinate r = 10m with d,,,.. = 125.
The blue solid line represents the terminating escape orbit, the orange solid line
represents the direct fly orbit and the green represents indirect flyby orbit.
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Figure 4.2: Plot of change in angle (A,) as a function of impact parameter d for
circular pulsar orbit with Schwarzschild radial coordinate r = 100 m with d,,.. =
500000/49. The blue solid line represents the combined output for terminating
escape, direct flyby and indirect flyby orbit.
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Figure 4.3: Difference between the exact impact parameter d and the approximated
d derived from the approximation by Beloborodov (4.1) for r = 10m.

The difference between the exact impact parameterd and the approximated d derived
from the approximation by Poutanen & Beloborodov (4.1) for r = 100m was
explored in Figure 4.4. In the case of the terminating escape orbit, we observe
some irregularities such that, although the difference remains relatively small, it
is inconsistent and does not follow a clear increasing or decreasing trend. The
approximation behaves well for the direct flyby orbit for ¢ between 0.05 and ~ 57 /8
but again the approximation fails when the pulsar is behind the black hole, as
observed in the indirect case where ¢ is between 37/4 and ~ 7. This indicates that
the approximation should not be used in this region, as it produces errors, including

when other values for r are considered.
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Figure 4.4: Difference between the exact impact parameter d and the approximated
d derived from the approximation by Poutanen & Beloborodov (4.1) for r = 100m.

Figure (4.5) shows the difference in impact parameter d between the exact and
approximated values based on the approximation by La Placa et al.(4.3) for r =
1000m. In this case, the approximation works well for the terminating escape when
@ is between 0.05 and 0.0005, although the difference shows a negative trend. The
approximation also works reasonably well for the direct flyby orbits and the indirect
case - where the pulsar is behind the black hole, particularly between 37/4 and
~ 7. However, the differences between the exact and approximated values are quite
high. Hence, while the approximation is recommended for use in this region, further
investigation is needed to asses the accuracy. Similar results were found for other
values of r in the circular pulsar orbit.

It is worth mentioning that this analysis, which compares the exact and
approximate impact parameters d, helps us assess how well our approximations
work in different situations involving the gravitational pull of the black hole. This

comparison allows us to evaluate the reliability of the models used for understanding
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how light behaves around black holes especially in pulsar timing, where accurate
time delay predictions are crucial. Each of these cases provides valuable insight into
the limits of the approximations, helping us improve the models and make more

accurate predictions in the study of black holes.
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Figure 4.5: Difference in Impact Parameter: Exact d - Approximated d obtained
from the approximation by La Placa et al. for » = 1000m.

4.1 Results and Discussion

In this section, we present both the exact relativistic propagation time delay derived
in this work and the approximated propagation time delays calculated using the three
analytical approximations discussed earlier. The goal is to compare these results
to assess how accurate each approximation is for a pulsar orbiting a supermassive
black hole with a mass of M = 4 x 10°M,, where mgu, = GMgy,/c*> = 1476m. The

results of the propagation time delay are presented in dimensionless form by dividing
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the time in seconds by GM/c? ~ 19.7s.

Figures 4.6 - 4.8, show the differences between the exact propagation delay
Ay in the Schwarzschild spacetime and the delays calculated using the analytical
approximations presented in this chapter for various values of the Schwarzschild
radial coordinate, r = 10m, 100m, and 1000m. To explore the results change, we
increased the Schwarzschild radial coordinate of the edge-on orbit for every line-style
by a factor of ten. We assumed that the pulsar’s orbit that lies in the same plane as
the observer, such that the observer views the orbit edge-on. The relativistic effects
are expected to be strongest when the pulsar orbit aligns with a superior conjunction,
where the pulsar lies directly behind the black hole along the observer’s line of sight.
Figure 4.6 shows that the first-order approximation by Beloborodov starts to deviate
from the exact results around ¢ = 57 /8. Therefore, this approximation may not be
accurate enough in regions where ¢ approaches 7, where the trajectory is highly bent.
This suggests that a modified formula might be more suitable for such geometries.

We also observed similar results with the second-order approximation by Poutanen
& Beloborodov [55], which showed similar behaviour to the first-order approximation.
To clearly illustrate our results and for better comparison, we chose a higher radius for
r, increasing r by a factor of 10, and plotted the results in Figure 4.7. For r = 100m,
the calculated delays for both approximations (4.1) and (4.3) behave well and follow
the exact reference closely up to ¢ = 37 /4, but they still deviate significantly from
the exact delay at this point. Similar observations were made for r = 1000m, as
shown in Figure 4.8, where the first- and second-order approximations deviate by
about 65.2 seconds in both cases. When compared to post-Newtonian expressions
for propagation delay, we see that the first and second-order approximations (4.1)
and (4.3) do not yield more accurate results than the post-Newtonian approach.
Therefore, using them is not logical.

However, a more promising approach comes from the formula proposed by La
Placa et al.[56], which uses specific values for the parameter k, as shown in Figures 4.6
- 4.8. This method works relatively well for ¢ between 0 and 7, with good performance

across all radii considered (r = 10m, 100m and 1000m). Since this approach is more
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reliable and accurate than the first- and second-order approximations, we focused
on refining the values of k to achieve better accuracy, particularly for values of ¢
between 0 and 7 depending on whether the pulsar is in superior conjunction. The
key question we aim to answer is whether this approach successfully reduces error.
Figures 4.9, 4.10 and 4.11 show the differences between the exact and approximate
delays for different ki, ko, and k3 values, respectively. Table (4.1) summarizes the
maximal deviations of these delays for the three considered approaches. The first
line gives the delay in seconds for the assumed 4 x 10°M, solar mass black hole.
The second line shows the dimensionless delay, obtained by dividing the delay by
GM/c? =~ 19.7s. The third line gives the maximal relative error. The maximal
deviation from the exact delays occurs at ¢ = 7.

The key for the figure below is as follows:

A.y: Exact propagation delay
o Ayppror.1: Time delay calculated using the approximation by Beloborodov (4.1)

o Aypros2: Time delay calculated from the approximation by Poutanen &

Beloborodov (4.3)

o A,pprox. 30 Time delay calculated from the approximation by La Placa et al.(4.4)
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Figure 4.6: Absolute difference between the exact delay and the approximated time
delays for a circular edge-on orbit with Schwarzschild radial coordinate » = 10 m.
The red dotted line is Aex — Agpprox.1, the green solid line Ay — Agppros. 2, the blue
dashed line Ac; — Aapprox. 3-
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Figure 4.7: Absolute difference between the exact delay and the approximated time
delays for a circular edge-on orbit with Schwarzschild radial coordinate r = 100 m.
The red dotted line is Aex — Agpprox.,1, the green solid line Ay — Agppros. 2, the blue
dashed line A.; — Auppro.3-
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Figure 4.8: Absolute difference between the exact delay and the approximated time
delays for a circular edge-on orbit with Schwarzschild radial coordinate r = 1000 m.
The red dotted line is Aex — Agppros.1, the green solid line Aex — Agppror. 2, the blue
dashed line Ac; — Auppro. 3-
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Table 4.1: Maximal difference Aex — Agpprop for circular edge-on orbits with different
radii 7 and corresponding Keplerian orbital period P.

Radius (r) 10 m 100 m 1000 m
Keplerian ~0.93 h ~141d ~0.12y
Period (P)

Delay (sec) 56.5 62.5 65.2
Delay 2.87 3.18 3.31
(dim.-less)

Relative Error 3.1 x 1071 3.3 x 1072 3.3x 1073

(a) Based on approximation proposed by Beloborodov

Radius (r) 10 m 100 m 1000 m
Keplerian ~0.93 h ~141d ~0.12y
Period (P)

Delay (sec) 55.6 62.4 65.2
Delay 2.82 3.17 3.31
(dim.-less)

Relative Error 3.0 x 107! 3.3 x 1072 3.3x 1073

(b) Based on approximation proposed by Poutanen & Beloborodov

Radius (r) 10 m 100 m 1000 m
Keplerian ~ 0.93 h ~141d ~ 012y
Period (P)

Delay (sec) 1.6 16.8 22.1
Delay 0.08 0.85 1.12
(dim.-less)

Relative Error 6.8 x 1073 8.5x 1073 1.1x1073

(c) Based on approximation proposed by La Placa et al.

The first line presents the delay in seconds for a black hole with an assumed mass
of 4 x 10°% solar masses. The second line shows this delay divided by GM/c® ~ 19.7
seconds, making it dimensionless. The third line gives the maximum relative error of
the analytical approximation.
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The accuracy of the propagation delays on the radius of the pulsar orbit is explored
in 4.9 - 4.11, using the third approach by La Placa et al.(4.4). The analysis focuses on
the third approach. Although a pulsar cannot realistically come as close as r = 10m
to the black hole (since it would lead to the pulsar spiraling into the black hole in
a short time), we use this value for the sake of comparison. For r = 10m, we fit
the k-values and propose ky = 0.14137, ko = 1.2009 and k3 = 2.7355 which works
relatively good and performs consistently as seen in Figure 4.9. To summarize the
performance of our approach, we present the maximum deviation of our propagation

delay calculations in Table 4.2.

Table 4.2: Maximal difference Aex — Agpprop for circular edge-on orbits with different
radii  and corresponding Keplerian orbital period P (based on our approach).

Radius (r) 10 m 100 m 1000 m
Keplerian ~0.93 h ~141d ~ 012y
Period (P)

Delay (sec) 2.2 1.0 1.5
Delay 0.11 0.05 0.08
(dim.-less)

Relative Error 9.0 x 1073 5.3 x 1074 7.6 x 107°

The first line presents the delay in seconds for a black hole with an assumed mass
of 4 x 10° solar masses. The second line shows this delay divided by GM/c® ~ 19.7
seconds, making it dimensionless. The third line gives the maximum relative error of
the post-Newtonian approximation.

Next, for a larger value of r = 100m, we fit new k-values to improve the results.
From Figure 4.10, we observe that the fitted line remains stable for ¢ ranging from 0
to 7. For this case, we propose the following k-values: k; = 0.12918, ks = 1.35206,
and k3 = 6.11555. These values result in better accuracy within the considered range
of ¢. Finally, for » = 1000m, we again fit the k-values to optimize the results and
found k; = 0.15149, k2 = 1.49909, and k3 = 16.31176. As seen in Figure 4.9, these
values further improve the accuracy of the approximation by La Placa et al.(4.3).

With this analysis, we can say that by adjusting the k-values for different pulsar
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orbital radii, we are able to achieve improved results for the propagation delays,
particularly for values of ¢ in the range from 0 to 7. This method shows consistent
and reliable performance for different orbital radii and offers valuable insights into
optimizing the analytical models for accurate pulsar timing predictions. We conclude
that for edge-on orbits near superior conjunction, the approximations by Beloborodov
(4.1) and Poutanen & Beloborodov (4.3) deviate significantly from the exact results
and are therefore unreliable. The discrepancies between the exact propagation delay
and these approximations become particularly pronounced at superior conjunction.
In such cases, the values of k1, ko, and ks proposed in this work could be used as a
more accurate alternative.

For slightly inclined orbits, where the pulsar is not perfectly aligned in the same
plane as the observer, superior conjunction does not occur in the real sense. While the
pulsar may still be positioned behind the black hole, its light will not pass as closely.
Additionally, the angle ¢ along the pulsar’s orbit no longer directly corresponds to
the angle ¢ between the pulsar and the observer. In this scenario, the range of ¢ is
more limited and does not reach .

For (nearly) edge-on pulsars with high timing precision, our results indicate that
using the exact timing formula (2.32) is the most reliable approach for accurately

determining propagation delays.
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Figure 4.9: Absolute difference between the exact delay and the approximated time
delays for a circular edge-on orbit with Schwarzschild radial coordinate » = 10 m.
The blue solid line is the fitted line. The red dashed line is Aex — Agppros.,1, the green
dashed line Acx — Agppros. 2, the black dashed line A.; — Agpprox. 3-
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Chapter 5

Summary and Outlook

5.1 Summary

In this work, we study a pulsar orbiting a supermassive black hole due to its
extreme mass ratio and investigate the propagation delays of the photon signals. The
propagation delay results presented in this report can be interpreted as the relativistic
delay of signals obtained by separating the diverging terms. An exact analytical
solution describing lightlike geodesics and photon time delays in Schwarzschild
spacetime was derived using Jacobian elliptic integrals. We obtain the solution for
the emission angle, ¢., at a fixed radius, 7., using these integrals. The analysis
we made compares exact relativistic propagation delays with approximated delays
derived using three different analytical approximations. These approximations were
tested for their accuracy in predicting time delays in Schwarzschild spacetime for
different pulsar orbit radii, considering a black hole with a mass of 4 x 106.
Figures shows the differences between exact and approximate delays for pulsar
orbits at Schwarzschild radial coordinates (r = 10m, 100m, and 1000m). The first-
order and second-order approximations, particularly by Beloborodov and Poutanen
et al., perform well in certain regions but fail when the pulsar is behind the black
hole (in the indirect flyby orbit), deviating by up to 65.2 seconds for » = 1000m.
The third approach, proposed by La Placa et al., provides more consistent and
accurate results across different radii. By fitting parameters kq, ko, and k3, the model
improves propagation delay calculations, significantly reducing errors, particularly
for angles between 0 and 7. Further analysis of propagation delay accuracy as a
function of pulsar orbit radius shows that while small radii (r = 10m) are unrealistic
due to the likelihood of the pulsar spiraling into the black hole, they were used for
comparative purposes. The optimal k-values were determined for each radius and

showed consistency. Generally, the third approximation by La Placa et al. proves to
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be the most reliable, thereby balancing accuracy and efficiency well. These findings
contribute to improving models for pulsar timing and light propagation in weak

gravitational fields, particularly around supermassive black holes.

5.2 Further Study

The next step in this work could be to explore higher radii and different spacetimes,
such as the Kerr spacetime. A major focus would be understanding how the Kerr
metric influences propagation delays, particularly the frame-dragging effect and its
impact on pulsar timing. [57] derived analytical expressions for bound timelike orbits
in Kerr spacetime using Mino time approach [58]. This could be further investigated
by considering such orbits and the corresponding relativistic effects, which would
complement the results discussed here. A key challenge would be linking the motion
constants of the pulsar’s timelike orbit to those of the lightlike signal.

Investigating how black hole spin affects pulsar timing delays is crucial, along
with developing a framework to compute and compare timing residuals for pulsars
in orbits with different inclinations and parameters could be a good direction to
consider. Kimpson et al. [59] investigated spin effects numerically using a light
ray-tracing method but did not provide an analytical expression for the time delay
in terms of orbital Kepler parameters or geodesic constants.

Additionally, a more comprehensive mathematical framework could be developed
to simulate pulsar orbits in the strong-field regime around supermassive black holes.
Then the resulting signal delays using high-order post-Newtonian approximations or
full numerical relativity simulations. The numerical results could be compared with
the weak-field predictions to analyze deviations.

Finally, higher orders of analytical approximations should be tested and compared
with the exact propagation delay results to assess their accuracy and potential

applicability in pulsar timing studies.
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5.2.1 Limitations

Some limitations arose during the study. Some of these are listed and explained

below:

e The use of Mathematica software was introduced during the internship, which

affected my output at the beginning of the thesis.

e There were periods when I was somewhat skeptical about some results, especially
because of my lack of prior expertise in pulsar timing, requiring additional

verification to ensure accuracy.

e The results are based on theory and simulations, but real pulsar timing data is

needed to confirm their accuracy.
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Appendix A

Solution to the time integral

This section presents the general mathematical processes used to approximate the

solution for time delay. The integral in Eq. (2.30) is of the form

r rdr
Tind) = /m d(1— =) \/R(r) Ay

with 7 = r. or r = o0, and R is defined in Eq.(2.14) where all quantities are
dimensionless. The integral can be analytically solved in terms of elliptic integrals

through the substitution below:

2 (r—r3)(re —ry) (A2)

(r—mry)(rg —ry)

with the roots r; of R chosen as in Eq. (2.15), which casts the integral in the Legendre

form:
2 a(r) d
T(rd) = ——o flz)dr (A3)
Vra(ra—r) Jo /(1 —a2?)(1 — k%a?)
where
p2 _ 23 —ro) (A4)
7"3(7‘2 - 7”0)
and
3
7’2 Al A2 Ag
A5
f(@) ro—2 1—cax? 1—cx? (1 —c32?)? (AD)
with the constants
re — 1T
Ay =2rg —ro)(ra+ 1), ¢ = —-—2L
o — T
8(7”2 — 7’3) (Tg — 7”1)(7’2 — 2)
A, = , c , (A6)
2T (ra—2)(rs — 2) 2T (ra—1)(rs — 2)
As—(rs—rz)Q, 3 =0C
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We note that for r = co Eq. (A2) reduces to

With the Jacobi elliptic integrals

* dx
F(z,k) :/O N s (A8)

= /w (1 — k222) dx, (A9)

v dx
e, e k) = /o 1— ) /1 2)1 - Bz2) (A10)
Then, we find T(r,d) =
T(r,d) = - (r2 = [7“2? 2F($, k) 4+ All(z, c1, k) + Aoll(z, co, k)
As zci/ (1 — 22)(1 — k22?)
e - 1) ( 0 —cd)(e ) T HEH
c3 2+ 3k? — 2¢3(1 + k?)
o k2E(m, k) + p— [(x, c3, k;)) ]
_ 2 T% (rs —12)(rg — 11)
- r3(r2—r1)[<7“2—2+ > )F(x,k)
— Sralrs = P B, k) + 207 — )Tz, 0, )
_ 8(rz3 =) . d/R(r)
7y~ 2)(ry — ) (e ) 2
(A11)

where z is connected to r through (A2). The Jacobi elliptic integrals can be evaluated
without a numeric integration, making them an exact analytical solution for the
integral 7.

The last term in (A11l) diverges linearly as r — oo. Additionally, II(z,c, k)
diverges logarithmically when 22 = %, which occurs when z = x,, and ¢ = ¢; = c3.

As a result, the time to reach r = oo diverges as expected. To isolate the divergent
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terms, we use an identity,

M(z,c,k) = F(z, k) — 11 (as ]%2 k:) + h;gf) (A12)
where
 (1-2*)(1 —Fk2?) + Px
Z= (1 —22)(1 — k2a?) — P2’ (AL3)
o L= DK (ry = "
c r3(ry — 1)
For ¢ = ¢, with this Eq.(A11) becomes
2 3 1
T(r,d) = N C—" [ (Tg —t 5(7"3 —ro)(ry — 11 + 4)) F(x,k)
— %73(7’2 —r)E(x, k) — 2(rs — )1l (IB, 12—1, k)
_ 8(rs—r) Hr.eo k)| + dv/R(r) (A15)
(rs—2)(ry—2) 77 (r —ms)

Vr(r—r) + \/(T—Tg)(T—T2>>
In
i (\/7”(7’—7’1)— \/(7“—7”3)(7“—7”2)

where the last two terms diverge for x = x,,. We find the Taylor expansions of these

terms as
dv/R 1
e (—) , (A16)
r—7T9 r
1
21nZ:21n( >+21nr+0<—> (A17)
T3 T2 T

Solution to the angle, ¢

This section presents the general mathematical processes used to derive an
approximate solution for ¢ analytically derived in terms of using the Jacobi elliptic

integral.
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From the polynomial R(r),

R(r)=A(r —r)(r —ro)(r —ra)(r —r3) (A18)
Substitute
2 2 2
_ M) drdx — 2anz - 2nx (B + Ozn;: ) (A19)
nx? + 1 nr? + 1 (nax?+1)

Divide (A18) by drdx?, replace r by R, factor z, and collect terms with .

B+anz? . B+anx? . B+anz? . B+anz? .
R A ( nx2+1 1 nr2+1 To nx?+1 T2 nr2+1 T3
T p—

( 20nT 2nx(B+anz?) ) 2

(A20)

nzr2+1 (nz2+1)?

Simplify (A20) to obtain (A21)

R, = 4n2x2(12 — 5)2 . (5 - (711'2 + 1) + om;ﬁ) (5 — 7y (nxQ + 1) + ome) '
(B — T (an —+ 1) + O./?”Lg;2> (ﬁ — 7y (TL:E2 + 1) + Ozan) ' (AQI)

Choose «, 5, and n with r = 8 and § should be one of the boundaries (zeros)
of your motion. Choose § = r3, that is, the largest zero and « as one of the

other zeros which is not related to your motion. The value of n and k2 can be derived.

Next, integrate between ry and r3, with 5 = r3

an22+r3 oma:2+r3 cm:p2+7'3 an:r2+r3 _
A ( nx?+1 T3 nx+1 1 nr?+1 To nr?+1 T2

A22
2onz __ 2nz(onz4ry) 2 ( )
na?+1 (na2+1)°

By simplifying, factor R,
A 2 2
— - (—nrz*+anx® —r1 +1
dn(a —r3) (= 1)
. (—nr0x2 + anz® — Io + r3)
- (—nrea® 4+ anz® —ra +14) . (A23)
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Replace o with ry in (A23) and simplify

A (nriz? — nroz® + 1y — 13) (—ro (nz? + 1) + nrox? + 13)

Solve for rorgR, = and factor z; we have (A24).

1

—ZAnx4(r1 —19)(rg — 12) —

A(I‘l — I'3)(I'0 — 1'3)

4n

(A23)

1
— ZAIQ (2r1r0 — IiT9 — I'iT3 — Igly — Tl + 21"21"3) (A24)

Divide the expression rsryR, (A24) by its constant term (the coefficient of 2°) and

then factor the resulting expression.

n2r§x4 n2r1r2x4 n2r0r2x4
(T1 - Ta)(l“o - r3) (1“1 - 1V:s)(ro - T3) (Yl - r3)(r0 - 1“3)
n’riror? 2NroT32? _ nriryr?
(11 —r3)(ro —1r3) (11 —13)(r0 —13) (11 —13)(T0 — T3)
Nrorax? 2nrirox? nrirsx?
(r1 - Ts)(l"o - 1"3) (Yl - r3)(r0 - 1"3) (1“1 - 1"3)(1"0 - Ts)
’I’LI‘QI‘3£L‘2 I'% I'1Tg
(rl - F3)(Yo - 1"3) (T1 - T3)(F0 - 1"3) (1"1 - Tg)(ro - r3)
Irirs Tol's
B _ A25
(Tl - F3)(Yo - T3) (Tl - 1"3)(F0 - T3) ( )
Simplifying equation (A25) gives equation (A26).
(nrix? — nrex® + 1y — 13) (—=ro (na® + 1) + nrox? + 13) (A26)

(7“1—7“3)(7‘3—7"0)

Set the coefficients of 2% and 22 in the equation (A26) to m and —1 — m, respectively.

We have:

m =

—r1 + T3
p— —TL¥T8 (A27)
r —T2
2 2riro(—r147r3) rire(—ri+rs3) rore(—ri+r3)
—r17ro + rr3 + rorg — T3 — P—— + 2 P—
T1To — 1173 — ToT3 + 13
r173(=r1473) + rors(=r14rs)  2rars(—ritrs)
ri—r ri—r2 ri—r2 A28
+ (A28)

r1ro — T3 — Tor3 + 3



Simplify (A27) and (A28)

r3s —T m_>(7”1—7“3)(7’0—7“2)

n — , A29
TL— T2 (r1 —12) (10 — 13) ( )
From R, replace a — ro, B — 13, m — %::Z;E:g::i—;, and n — —:i’::;
7"2:1:2(7‘3—7"1)
T '3
R(r) = 932(17‘3—27"1) (A30)

Simplify (A30), we have

R(r) = r17ox” — 111y — Torsa® 4 ot (A31)
ri(z? — 1) 4+ ro — rza?

From the equation (A31), substitute x = sn (y/cp| k) to obtain (A32)

7179 SN (\/Eg0|k)2 — ToT3 SN (\/Eg0|k)2 — 773 + 1T
1 <sn (Ve k) — 1) — 1y sn (Veplk): + 7

(A32)

Replace ¢ in equation (A32) with ¢ = r3(ro —ry)/4d

2 2
riry SN (% d(ry —ro)r3 90‘ k) — Tror3 SN (% d(ry —ro)r3 gp‘ k’) — 1rir3 + 1o
R(r) =

2 2
—r3 SN (% d(ry —re)rs gp‘ k) +r (sn (% d(ry —ro)rs @‘ k:) — 1) + 7y
(A34)

Simplify (A34) to have

2
ro(ry — r3) Sn (%\/d(rl — 1r9)T3 g&‘ k> +7r3(re —ry)

R(r) = (A35)

2
(r1 —rs3) sn (%\/d(rl — r9)T3 go‘ k) — 71+

This is the output for R(r) as a function of ¢ which is called the solution of .
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